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ABSTRACT: To unify and clarify the persistently debated electromagnetic stress tensors 
(ST) and photon momenta, we establish a theory inspired by the Einstein-Laub formalism 
inside an arbitrary macroscopic object immersed in any complex medium. Our generalized 
Einstein-Laub force and ST yield the total force experienced by any generic macroscopic 
object due to the internal field interacting with its atoms, charges and molecules. 
Appropriate scenarios are established for the conservation of a newly proposed momentum 
that we call non-mechanical generalized Einstein-Laub momentum, along with the kinetic 
and canonical momenta of photons. Our theory remains valid even in a generally 
heterogeneous or bounded embedding background medium without resorting to hidden 
momenta, and unambiguously identifies the 'existence domain’, or validity domain, of the  
STs and photon momenta proposed to date. This 'existence domain’ is the region either 
outside a macroscopic scatterer with only exterior fields, or at its interior with only inside 
fields. The appropriate identification of such ‘existence domain’ constitutes the basis of our 
unified theory. Finally, a thought experiment is proposed, which shows that the appropriate 
force and the photon momentum in the embedding medium can also be properly identified 
if the background is comparatively larger than the embedded scatterer. It also explains the 
fully different roles of the Abraham and Minkowski photon momenta in the embedding 
medium. Most importantly, our unified theory reveals that a unique formulation of the 
momentum conservation law is unfeasible, though a generalized expression of the ST and 
momentum density is achievable in terms of new  concepts  that we introduce, namely, the 
'effective polarization' and 'effective magnetization'. 
 I. Introduction 
Radiation pressure, in conjunction with photon momentum, has always constituted an intriguing 
phenomenon in physics [1-4]. An accurate prediction of the electromagnetic force is important for 
complex biological systems [5, 6], stable optical manipulation [7,8], tractor beams [7,9,10], MEMs and 
nano-opto-mechanical systems [11,12], among many applications. Most experiments in those areas need 
determinations of these optical forces [5-10,13,14] on objects immersed in a non-vacuum environment.   
However, inside matter different definitions and descriptions of the macroscopic optical force and the 
photon momentum have been put forward, among others by Minkowski [4], Abraham [4], Nelson [15], or 
Peierls [16]. Even after extensive debates spanning over a century [2, 3], there are still some unsolved 
problems regarding exactitudes of stress tensors (ST) or force laws, (cf. Table 1 in [4]), and on their 
individual validities or limitations inside matter. Some details on the conflicts involving the STs by 
Einstein-Laub (EL), Minkoswki, Chu, and Nelson can be found in [2-4, 13, 14, 17-23].  
  At this point we must specify that throuoghout this paper we refer to 'exterior' or 'outside' magnitudes as 
those evaluated outside the volume of the embedded macroscopic object, while by ‘interior’ or 'intside' we 
shall refer to those quantities inside this object volume. 
 Some of the most important dilemmas are listed here: (i) Minkowski ST has been used to determine 
the force on an object from exterior fields [2, 4, 17, 18], but such formulation was shown to be 
problematic for obtaining the ‘outside force’ in [19, 20]. Also, the STs and force laws employed in [15, 
16] are different to the Minkowski ST used to obtaining the ‘outside force’.  (ii) If interior fields of the 
body are employed, Minkowski ST only yields the force from the conducting currents rather than the total 
force [17]. Though the total volume force on an object embedded in air or vacuum can be calculated 
based on the force equation presented in [17], it requires the manual addition of a hidden quantity [21]. 
(iii) The prediction of the Einstein-Balazs box thought experiment in favor of Abraham photon 
momentum Abrp  [2] has never been directly verified with any ST formula that leads to Abrp  while it yields 
 the total interior force on an absorbing or non-absorbing scatterer. (iv) A recent study [21] supports the EL 
force law [22] (instead of Lorentz-Nelson’s one [15]) which does not require any hidden momentum [21]. 
Nevertheless the applicability of the EL force of [21] has been seriously questioned in several simple 
experimental situations [23], (specially the problematic definition of magnetic induction B in the EL 
force). (v) Most importantly, splitting the photon momentum into canonical (i.e. Minkowski, Minkp ) and 
kinetic (i.e. Abraham , Abrp ) momenta [24], though conceptually insightful, does not constitute an 
operational and general procedure to determine appropriate optical forces [20] in different complex and 
experimental situations like those discussed in [3,7,13,14, 19,20]. Then an ultimate question may be 
raised: is it possible to get a unique ST, electromagnetic momentum density, and force law able to handle 
almost all practical situations, and previous experimental observations, in contrast with those previous 
ambiguous formulations listed in Table-1? 
     An answer, and hence a conclusioon on whether a unique linear momentum conservation equation is 
possible or not, is given in detail in the Final Remarks Section of this paper. However, the fact is that no 
previously reported ST, force law, and electromagnetic momentum density, (listed in Table-1 in [4]) is 
incorrect, (cf. Supplement S0 and S1). Rather, they all have their specific validity range, not yet 
established, which we henceforth characterize in this paper as ‘existence domain’ (cf. also Ref. [25]) as 
the region either outside a scattering body taking only its exterior fields into account, or in its interior 
considering only the inside fields. Previous works [15-24] may have overlooked this ‘existence domain’ 
of the different macroscopic STs and associated electromagnetic momentum densities. This has hindered 
the consecution of a solution, such as the one put forward in this paper, which identifies the corresponding 
validity regions of the macroscopic STs, force equations (without hidden force) and photon momenta 
proposed to date. They are explained in Table-1. Further, in this paper we unify them all in a compact 
framework, [cf. Figs. 1 (a) and (b)].  More arguments justifying the concept: ‘existence domain’ are 
presented at the end of this paper before the Final Remarks Section (in section VIII and IX). 
 In this context we must point out that still some notable unsolved problems remain, such as: 
      (a) In the biological cell trapping experiment reported in [26] it is yet unexplained which force and ST 
are more accurate [4] if the embedding background is considered water instead of air. Though Chu [27], 
Einstein-Laub [4,28] and Minkowski forces [4] lead to the same result when the  background is air or 
vacuum , it is  not yet known which  theory is adequate for the configuration of [26], that considers a non-
vacuum embedding medium. (b) The experiment of [29] provided the first quantitative agreement 
between optical trap stiffness and calculations. Since it was considered that such experiment supported 
the EL force [4] as the ‘outside force’ with background fields, is then our proposal regarding the EL force 
in Table-1 incorrect? (c) In optical tweezer [30] set-ups, such as tractor beams on fully immersed objects 
[31], and biophysics experiments [32], approximate methods such as those using the dipole force [13], 
sometimes are not valid. For example, in [13], even being the object dipolar, the dipole force fails to be 
correct, (cf. Fig. 3 (e) and (f) in [13]). Is then possible to attain a generalized formulation that yields both 
exterior and interior forces without resorting to problematic hidden quantities, in these aformentiomed 
cases? (d) Most importantly, there is no generalized ST along with the electromagnetic momentum 
density, which correctly yields the force inside a generic object inmmersed in an arbitrary background, 
and that correctly accounts for:  (i) The experimental observations in [13, 14, 26, 29], and (ii) Some of the 
predictions of [31], while they comply with our imperative of holding with the ‘existence domain’ 
requirement.   
      To handle and fully explain the complex problems of points (i) to (v), and (a) to (d) above, without 
using problematic hidden quantities, (cf. Supplement S0 and S1), we establish a unified theory of linear 
momentum conservation by introducing new concepts. These are: the generalized Einstein Laub (GEL) 
system, (cf. Fig. 1(c) and Fig.2) and the GEL non-mechanical momentum of photons. This is done based 
on the bridge established by our generalization of the Einstein-Laub ST, electromagnetic momentum 
density and the force law, which we express in terms of an effective polarization and an effective 
magnetization that we introduce in this work. 
 This generalized formulation not only supports the recent observation in [33], but also at difference with 
previous studies, it tackles and successfully interpretes other more complex situations such as: 
(I) The interior force dynamics of a generic object, (e.g. a Rayleigh, dipole, Mie, or more complex than 
Mie, body), embedded in a generally heterogenous background, [cf. Fig. 2(a)], or in a bounded 
background [see Fig. 2(b)].  (II) The interior force in highly absorbing magnetodielectric objects, and the 
force dynamics of the embedding background itself. (III) By employing only the interior fields of an 
embedded object, our generalized EL equations validate the previous experimental observations 
[3,7,13,14,32-35] and theoretical predictions [36-40] of the outside force by a Minkowskian formulation, 
(rather than the opposite proposals in [15,16,19,20,41,42]), among all STs and electromagnetic 
momentum densities listed in Table-1. Specially, the observation of the conflicting momenta  Abrp  [20] 
and Minkp [3, 35] in the experiment of [34], is also explained. (IV) More importantly, our unified theory 
resolves long-lasting debates between the formulations of Abraham [3, 4, 19], Einstein-Laub [20-23] and 
Minkowski [3,4,17,18] by demarcating their 'existence domains' and unifying them in a compact 
framework via our generalization of the EL equations. 
 
II. Previous stress tensors, electromagnetic momentum densities and force laws: Their ‘existence 
domain’ without hidden quantities 
       To get a clear view of the operations physically involved in the different STs, force densities and 
photon momenta [4] established to date, and their ‘existence domain’, we list them in Table-1. To 
establish a unified theory, it is imperative to understand the behaviors of all these quantities. Later, in 
order to unify them all, we define three different systems including our generalization of the Einstein- 
Laub equations, (cf. Figs. 1 (a)-(c) and Fig. 2).  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
III. A unified theory: Defining three different systems to achieve a compact framework 
Table-1: Previous macroscopic tress tensors, electromagnetic momentum densities and force laws: their ‘existence domain’ 
without hidden quantities (HQ)* 
        
 Stress tensor,  T  ,  and  force density,  f 
Electromagnetic
momentum 
density, G 
Comment 
     Minkowski 
( )
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1
2
1 1
2 2
ε µ
= + − ⋅ + ⋅
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f E H
 
×D B  
The Minkowski ST correctly chrachtarizes only the information of the 
transfer of momentum transported by the field from any background 
medium to an embedded scatterer. The time averaged Minkowski ST 
yields the ‘outside force’ only from fields ouside the embedded object. 
It does not require HQ*. The correct ‘outside force’ can also be 
obtained directly from calculations employing PMink (i.e. by ray 
tracing method). The time averaged Minkowski ST yields a zero 
mechanical force (‘felt force’) at the interior of a lossless object and is 
not applicable inside an object. Most of the major experimental works 
regarding photon momentum are based on changes in space and not in 
time. As a result, both in the background and inside the embedded 
body, the observable or measurable linear photon momentum is so far 
Minkowski’s. 
       Abraham 
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The time averaged Abraham ST yields the same ‘outside force’ as 
Minkowski ST at the exterior of an object just employing the outside 
fields when the embedding medium is not air or vacuum (but 
isotropic). However, the Abraham force law is more appropriate to 
characterize the ‘outside force’ in time domain due to the extra 
Af term in its force density**. The correct ‘outside force’ cannot be 
directly obtained from the PAbr (i.e. by ray tracing method).  Inside an 
absorbing object, both time averaged Abraham ST and Minkowski ST 
give only the conducting part of the total ‘felt force’, which can also 
be  considered  as the ‘outside force’ for point or microscopic objects 
such as electrons (for such objects, it is impossible to differentiate 
‘outside force’ from ‘interior force’) 
   Einstein-Laub 
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The time averaged EL ST yieds the ‘felt force’ or ‘inside force’ from 
fields just inside the object embedded in air or vacuum with no HQ*. 
Its force density distributes through the polarization P and 
magnetization, M just inside the object embedded in air or vacuum. 
This ST does not characterize the flow of momentum transported by 
the field from the background medium to an embedded scatterer. 
Hence it is not applicable to get the ‘outside force’. 
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The Chu ST and the force law show the ‘existence domain’ without 
HQ*. They determine just the interior kinetic part of the total force, 
along with the Abraham momentum density, by employing only the 
fields inside the object embedded in air. Only after manually adding 
the term HQ*, Chu force law obtains the total time-averaged ‘felt 
force’ from fields inside the object (and from the surface for HQ*). 
Like EL formulations, it is also not suitable to get a correct ‘outside 
force’ exerted on the embedded object from the background medium. 
  Lorentz/                    
Amperian/ 
 Nelson 
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( ) ( )
t
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∂
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∂
T EE BB B + E I
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B
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The Nelson ST and force law show the ‘existence domain’ without 
HQ1*. They are applicable to get the total ‘felt force’ from fields 
inside the object embedded in air or vacuum only after manually 
adding HQ* (surface fields for HQ1*) and HQ2*. Like EL and Chu 
formulations, it is not suitable to obtain the correct ‘outside force’ 
exerted on the embedded object from the background. 
 
         
[1] HQ1* means hidden quantity in Chu’s formulation (strictly the surface force term). Cf.  Supplement S1 (a). 
[2] HQ2* means hidden quantity in the conventional Lorentz/Nelson force introduced by Shockley. Cf. Supplement S1 (b). 
[3] ** cf. G.B.Walker et al., Can.J.Phys 53, 2577 (1975) and Rikken, G. L. J. A. et al., Phys. Rev. Lett. 108, 230402 (2012). Can. J. Phys. 53 (1975) 2577. 
 
 
 III. A unified theory: Defining three different systems to achieve a compact framework 
Accoding to [24] only the total momentum, Totalp , resulting from adding that of the medium (kinetic, 
pkinmed, or canonical, pConomed ) and the one corresponding to the field (Abraham's, pAbr, or Minkowski's, 
pMink),  is a conserved quantity: 
      2
med
Total kin Abr Abr Abr Abr, ; , c
dv ×= + = =∫
E Hp p p p G G
    (1) 
                               
med
Total Cano. Mink Mink Mink Mink, , .dv= + = = ×∫p p p p G G D B                 (2)                    
E , D , H and B are the electric field, displacement, magnetic field and induction vectors, respectively 
[24]. AbrG  and MinkG constitute the Abraham and Minkowski momentum densities of the field, respectively 
[4]. A problem is that Eqs (1) and (2) are generic equations; their appropriate applicability and their 
connections with the rigorous ST formulations are still unclear. To resolve this, and to  unify all the 
previously mentioned STs, photon momenta and force laws of  Table-1, as well as our generalization of 
the Einstein-Laub theory, we now define three different systems named as: (i) ‘kinetic system’, (ii) 
‘Minkowski system’ and (iii) the new one that we coin:  'generalized Einstein Laub system’, (or 'GEL 
system'). They are identified in Figs. 1 (a)-(c).  
III.A. Stress tensor and photon momenta of a ‘kinetic system’: 
    We first establish the ST and force law inside bodies embedded in air or vacuum. As seen in Fig. 1, we 
define ‘kinetic systems’ as those in which Eq (1) applies describing the ‘delivered momentum’ inside a 
lossless or ‘moderately absorbing’ homogenous object embedded in air or vacuum [cf. Fig. 1 (a)]. By 
‘moderately absorbing’ we mean the imaginary part ( Iε ) of the permittivity s R Iiε ε ε= +  of the scattering 
object reaches to a value after which the EL ST can not yield the total internal force. In our several 
numerical and full wave simulation results (i.e. Fig. 1s (a), (b) in supplement S0, Fig. 2s (a),(b) in 
supplement S4 (b), Fig. 3(a) in this main article and several other results [not shown in this work]), it is 
 observed  if Iε reaches the magnitude approximately ten times greater than the background permittivity 
( bε ) , EL ST  (only when 0bε ε= ) can yield the total internal force safely. We conclude that upto such an 
approximate limit of absorption, which can be defined as ‘moderate absorption’, Eq. (1) applies to the 
interior of a absorbing (and also lossless) object which therefore constitutes a “transparent Einstein box” 
[2,24]. This (from no loss to moderate absorption) can be considered as the region of interest for most of 
the realistic situations. As shown in Supplement S0, [Figs. 1s (a) and (b)], the interior of an absorbing 
dielectric or magneto-dielectric object supports only the EL ST up to a ‘moderate loss’ limit as discussed 
above. No other ST leads to the total internal force by employing the fields inside a scatterer. As a result, 
among all formulations [4] that convey the kinetic photon momentum Abrp  [24], we support the EL 
formulations [22] excluding hidden momenta inside a moderately absorbing and homogenous dielectric or 
magneto-dielectric object embedded in air [1] [cf.  Supplements S0 and S1 (a)-(c) for details]:   
                                      ( )Kin. system in inTotal EL ELin = .d dv= ⋅∫ ∫F T s f                   (3)                    
Here,
in
ELΤ  is the EL ST and 
in
ELf is the EL force density [4,21,22] (cf. Table-1), where ‘in’ stands for the 
field inside the body, and ⋅ means time average addressing time-harmonic fields from now on. PAbr (in) 
is the remaining electromagnetic part of the photon momentum, electromag. (in)p , after delivering the 
mechanical momentum of photon inside an object embedded in air. Though PAbr (in) inside a scatterer 
may not be detectable in direct photon momentum based measurements such as a ray tracing method 
[7,33] or Doppler effect [4,35], AbrG  is emerged as the appropriate electromagnetic momentum density to 
obtain the correct distribution of the interior force. As a result, according to the linear momentum 
conservation equation: ( in inEL Abr ELi( ) .ndv dv dst
=
∂
+
∂∫ ∫ ∫ Tf G  and 
med
electromag. TotalKin
(in)
)(in)
t t t
∂ ∂∂
+ =
∂ ∂ ∂
p pp
, Eq 
(1) should be considered as the law governing the conservation of total momentum for a ‘kinetic system’ 
so that the momentum delivery process inside any object embedded in air or vacuum, is described as: 
                                                
med
Total Kin Abr(in) (in)= +p p p .                                                                          (4)  
 At this point we anticipate that later through Eq (21) we shall show that Eq (1) also governs the 
appropriate interior force and photon momentum of the embedding background if and only if the 
background is much larger than the embedded scatterer.  
III.B. Stress tensor and photon momenta of a ‘Minkowski system’: 
We now define ‘Minkowski systems’ as those for which Eq (2) applies, describing the wave ‘momentum 
transfer’ [4] from the background to any generic embedded object, [cf. Fig.1 (b) and Fig.2].  
 
III.B. a. Minkowski stress tensor for the ‘outside force’ 
   In contrast to some theoretical predictions [15,16,19,20,41,42] , most experiments [3,7,13,14,32-35] 
have supported the Minkowski ST  for the transfer of momentum from the background to an embedded 
object. Though Chu and EL theories in [19,20], and Nelson's formulation in [15,41,42], have been 
considered for the ‘outside force’; those STs in the exterior region (i.e. outside the object, e.g. at 
r a+= for a sphere or cylinder) do not lead to a correct time-averaged force on  the body embedded in the 
interface between two different  backgrounds [33], nor even in a single medium [37, 38]. As a 
consequence, in general the ‘outside force’ can be appropiately calculated via the Minkowski ST: 
                       ( )Mink. system outTotal Minkout ,d= ⋅∫F T s                                                             (5a) 
 
( )out * * * *Mink out out out out out out out out1 1Re2 2
 = + − ⋅ + ⋅  
T D E B H B H D E I
.   (5b) 
‘out’ stands for fields outside the object, [e.g., on r=a+, if it is a sphere or cylinder of radius a, cf. Fig. 
1(b)] and I is the unity tensor. The electromagnetic vectors in (5b) correspond to the total field, namely, 
incident plus field scattered by the body. The force in Eq (5a) is defined as ‘outside force’ just for 
convenience, as 
out
MinkT  characterizes only the momentum transfer rather than the real force ‘felt’ by the 
embedded object.  In the next sections we validate previous experimental observations [3,7,13,14, 33-35] 
and theoretical predictions [36-40] of Minkowski’s theory for the  ‘outside force’  by employing only the 
interior field of an embedded object with our generalized EL equations. 
 III.B.b.Transfer of the Minkowski photon momentum from the background 
     Most major experimental works regarding photon momentum are based on changes in space rather 
than in time. This is one of the reasons why the transfer of Abraham photon momentum ( )Abr outp  from 
the background to an embedded object is not clearly detectable [43], (cf. also our note [44]). As a result, 
based on the previous observations in favor of pMink (out) [7, 24, 33,36] and according to several  
numerical results shown below in this paper, (specially in section IV), supporting Minkowski's ST,  pMink 
(out) should be considered the measurable transferred ‘total’ photon momentum, or wave momentum [4], 
from the background to the object. The term ‘total’ means that  pMink (out) , which arises on the boundaries 
during the momentum transfer [40], is the sum of the exterior electromagnetic momentum ( )Abr outp  plus 
a mechanical momentum: ( ) ( )
1
med out b bn n cω
−= − p  [33] carried by the field [4, 33].  
        But, what is the connection of Eq. (2) with pMink (out)?. According to the quantum nature of light 
[45] Mink ( )= p k  is associated to the canonical momentum of photons [2, 24], (   being the reduced Plank 
constant and k  representing the wavevector of light inside the medium). Though no difference is 
observed between the time-averaged external Abraham and Minkowski STs and the forces (cf. Table-1), 
the important unnoticed physical difference between ( )Abr outG  and ( )Mink outG : 
[ ( ) ( ) ( ) ( ) ( ) Abr  medMink Abr
out out
out ( out out ) ( )Adv dv dvt t t t
= +
∂ ∂∂ ∂
= +
∂ ∂ ∂ ∂∫ ∫ ∫
p p
G G f ] can be reinterpreted 
according to our notes [46] and  [47]. Here the extra Abraham term ( )outAf  (cf. Table-1 and note [47]) 
should be considered as the transferred mechanical part (transported by the field) involved in ( )Mink outG . 
This interpretation also supports the canonical momentum transfer of photons according to notes [46] and 
[47]. As a result, in accordance with Eq (2) the equation governing the total momentum and describing 
the transfer of wave momentum from the background in a ‘Minkowski system’ should be written as:   
                                                 
med
Total Cano. Mink(out) (out)= +p p p .                                                               (6)     
 III. C. Stress tensor, force and photon momentum of a ‘generalized Einstein Laub (GEL) system’  
The Minkowskian formulation cannot describe how the force is distributed (i.e., how it is 'felt') inside an 
arbitrary object immersed in a generic background, [cf. Fig. 1 (b) and (c) and Fig.2]. Even the EL 
formulation (cf. Table-1) that supports the Abr (in)p with fields inside the object, (e.g., at r a
−= for a 
sphere or cylinder) cannot deal with complex configurations [3,7,13,14,19,20,26,29,31,33,36-40]. Ref. 
[24] concludes: “By demonstrating the need for two ‘‘correct’’ momenta and associating these, 
unambiguously, with the Abraham and Minkowski forms, we may hope that we have also removed the 
need for further rival forms.” But according to our analysis, though the measurent of the transferred 
photon momentum can be considered to yield the Minkowski one for different cases, the measurent of the 
total internal force (or force distribution) in different systems may lead to different forms of non-
mechanical internal momenta other than the one of Abraham. This is the reason why we have introduced 
the name ‘Generalized Einstein-Laub (GEL) system’ as that in which our GEL equations established 
below should lead to the appropriate total force and momentum inside the object. It is even useful to 
distinguish what we call 'GEL systems of first kind’ from those that we name ‘GEL systems of second 
kind'. In the former one deals with the internal dynamics of a lossless or moderately absorbing object (see 
above) embedded in another material background, (from now on when we refer to an embedded object, 
unless explicitely stated we shall mean such a lossless or moderately absorbing body). By contrast, in the 
latter one addresses the internal dynamics of an extremenly absorbing object embedded in air or vacuum. 
[Here by ' extremely absorbing’ we mean an imaginary part ( )Iε of the scatterer permittivity s R Iiε ε ε= + , 
which is much higher (i.e. background permittivity,I bε ε ) than the previously described vale of Iε  for 
the case of ‘moderate absorption’.We discuss such an extreme situation in Section VI and Supplement 
S4 (d)]. Finally, we define as 'GEL systems of third kind’ those in which we consider the internal 
dynamics of a chiral object embedded in another material background. We shall show our previously 
defined ‘kinetic system’ and the wel-known Einstein-Laub equations are only special cases of a ‘GEL 
system’ and our GEL equations respectively. 
 III.C. a. Physical quantities for a ‘GEL system’: The generalized Einstein-Laub equations 
       In supplements S2(a) and (b) we show that the Einstein-Balaz’s type thought experiment may not 
lead to the appropriate internal photon momentum of an embedded object (i.e. this is a ‘GEL system of 
first kind’). On the other hand, the arguments in favor of non-relativistic Doppler-shift effects [24, 48] 
always lead to the transfer of photon momentum from the background to an embedded object rather than 
to the internal photon momentum of the object. Hence, instead of following those thought experiments, 
the internal photon momentum of the ‘GEL system’ should be determined by a more rigorous approach 
based on the linear momentum conservation equation: T t
∂
∇ ⋅ +=
∂
f G .  
        When the embedding medium is magneto-dielectric instead of air, or the internal loss of the object 
crosses the limit of ‘moderate absorption’, the conventional vectors P and M inside the object should be 
replaced by what we shall from now on call 'effective polarization' PEff  and 'effective magnetization' MEff , 
respectively. We will show several instances where the conservation of linear momentum agrees with the 
use of PEff  and Meff , rather than of the conventional ones. The justification of these two quantities lies on 
the fact that in such cases, though the conventional induced polarization and magnetization currents of the 
EL equations take place inside the object, they only partially contribute to the time-averaged optical force. 
In other words, the usual P and M introduced in the EL equations are unable to handle complex situations 
[3,7, 10, 13, 14, 20,26,29,31,33,36-40]. However, as shown next the modification here introduced is 
general, and satisfactorily deals with all numerical experiments that we have set on trial. Hence for the 
‘GEL system’, we establish the following 'generalized constitutive relations' inside a generic object 
immersed in an arbitrary medium: 
                                      ( )in Eff Eff in Eff Eff Eff in;      ,Sε ε ε= = + = −D D E P P E                     (7a) 
 ( )in Eff Eff in Eff Eff Eff in;  .Sµ µ µ= = + = −B B H M M H    (7b) 
Eqs. 7(a) and (7b) constitute the first key proposal of this work.  
The constitutive parameters Effµ and Effε  depend on the type of embedding medium and also on the object 
 optical properties characterized by its permittivity and permeability, Sε   and  Sµ ,  [see examples in 
Supplement S4 (a)-(d)]. 
        Prior to establishing our unified formulation, we put forward a postulate formulated in note [49], 
based on which we establish the following generalization of the Einstein-Laub (GEL) stress tensor in 
terms of the vectors PEff and MEff as follows: 
 
( )GEL Mink Eff in Eff
1 ,
2
in in
in= + ⋅ + ⋅T T M H P E I   
    (8a) 
Here the internal Minkowski ST is ( )Mink in in in in in in in in
1
2
in + − ⋅ + ⋅T = D E B H B H D E I .  Note that   Mink
inT in 
Eq (8a) has to be expressed in terms of the interior fields of the scatterer, whereas outMinkT in Eq (5a) is given 
by the exterior background fields of the body. From Eq (7a) and (7b) and postulate [49], Eq (8a) can be 
written for any generic object as: 
                                  ( )GEL in in in in Eff in in Eff in in
1
2
µ ε= + − ⋅ + ⋅T D E B H H H E E I                    (8b)  
Eqs.(8a) and (8b) are the second key proposal of this paper.  
Notice that Eq (8a), or (8b), is the root [49] to obtain the time averaged force for the different ‘GEL 
systems' of  'first', 'second', or 'third kind’, especially where the non-mechanical photon momentum 
cannot be considered as that of  Abraham. In such situations, one just needs to appropriately introduce the 
corresponding PEff   and M Eff , or equivalently Effµ  and Effε , to correctly formulate those different cases. In 
order to satisfy the linear momentum conservation, a non-mechanical momentum density can be 
introduced. This should yield a time-averaged force density that fulfills two simple test equations for 
different cases:  
                                                              ( ) in inTotal in =d dv= ⋅∫ ∫F T s f                                                    (9a) 
                                            ( ) ( ) Total Totalout in≈F F .                                                     (9b) 
 
Eq (9b) is the third key proposal of this work, constituting the test for several different set-ups 
 throughout this paper. This will verify the ‘existence domain’ of the different STs, force laws and 
photon momenta.  
    We show in Supplements S3 (a) and (b) that if one considers the most appealing non-
mechanical momentum density:  ( )TransitionGEL in Eff in Eff Eff E in inffG (in) [ ] [ ] ε µ= − × − = ×EP B HD M , (that turns 
into AbrG (in)  if the background of a scatterer is air or vacuum), it leads to a force density: 
Transition Eff Eff
GEL Eff in Eff in Eff in Eff in( ) ( ) t t
µ ε
∂ ∂
= ⋅∇ + ⋅∇ + × − ×
∂ ∂
P Mf P E M H H E .  However, by testing different 
cases we have found that this force does not fulfill the aformentioned two test equations (9a) and 
(9b) for the time-averaged force. Now, we consider that the ST in Eq (8b) remains unchanged at 
any instant according to the equation: T t
∂
∇ ⋅ +=
∂
f G . By substracting the Eff Eff( ) t∂ × ∂P M  term 
from TransitionGELG (in) t∂ ∂  and then adding it with TransitionGELf , while maintaining T∇ ⋅  fixed, we finally 
arrive to our generalized Einstein-Laub time-averaged force which complies with the two test 
equations (9a) and (9b) for different cases. Hence to determine the correct force felt by any 
generic scatterer, one should employ the law:   
                      
( ) ( ) ( ) ( )in * * * *GEL Eff in Eff in Eff in Eff in1 Re .2 i iω ω = ⋅∇ + ⋅∇ − × + × f P E M H P B M D      (10a)                    
in
GELf  is the time-averaged generalized Einstein-Laub force density. Eq (10a) is the fourth key proposal 
of this paper. By applying Eqs (7a) and (7b), we get from Eq (10a): 
     
( )( ) ( )( )
( )( ) ( )( )
* *
GEL Eff in in Eff in in
* *
Eff in in Eff in in
1 Re[
2
].
S S
S Si i
ε ε µ µ
ω ε ε ω µ µ
= − ⋅∇ + − ⋅∇
− − × + − ×
f E E H H
E B H D
                      (10b)                 
where inB and inD should be written as insµ H and insε E , respectively.  
        Now, the non-mechanical momentum density in the ‘GEL system’ that supports Eq (10a) should be 
written [subtracting the Eff Eff( ) t∂ × ∂P M  term from TransitionGELG (in) ] as: 
                                            GEL in Eff in Eff Eff Eff(in) [[( ) ( )] ( )]= − × −− ×G D P B M P M                                  (11a) 
Eq (11a) is the fifth key proposal of this work. Based on Eqs (7a) and (7b), we can write Eq (11a) as: 
                                                GEL Eff in if nEf( )( )(in) s s s sµ µ µε ε ε+ −= ×G E H                                         (11b) 
Though in Supplements S2 (a) and (b) it is shown that the internal photon momentum of an embedded 
Einstein-Balazs box manifests as the one of Abraham; any force or ST related to Abr (in)p , does not fulfill 
the test Eqs (9a) and (9b).  An explanation for this is that Abr (in)p  is the pure electromagnetic part of the 
total non-mechanical photon momentum ( )Non-Mech. inp , which remains a fixed mathematical expression 
inside any generic scatterer. But in general situations, Eq (11b) should express the generalized ‘total’ non-
mechanical momentum density and, considering AbrG  as the electromagnetic momentum density ElectromagG , 
it can be splitted into two terms  as: 
 
    Material Electromag
2 2 2
in in in inGEL Eff Eff[ ( ) 1]( ) / ( ) /(in) s s s sc c cµ µε µε ε= − × + × = + − G G G E H+ E H         (12a)             
 
Therefore a ‘material induced momentum’ MaterialMaterial (in) dv= ∫Gp  is always added to the pure 
electromagnetic photon momentum inside a generic scatterer; where 
Material Eff E
2 2
ff in in[[ ( ) 1]( ) / ]s s s sc cµ µ µε ε ε= + − − ×G E H  . Hence Eq (12a) can be expressed as: 
                                                              ( )Non-Mech. Material Abrin (in) (in)= +p p p                                             (12b) 
Eq (12a), or (12b), is the sixth key proposal of this work. From them it is clear that Material (in)p is a 
function of Effε and Effµ . In this paper we show different GEL systems for which Effε and Effµ  take 
different appropriate values to satisy Eq (9b). As a result, considering this nature of Material (in)p , [and hence 
of  ( )Non-Mech. GELin (in)dv= ∫Gp  in Eq (12b)], the generalized total momentum conservation equation for a 
‘GEL system’ should be expressed as: 
                                                         ( ) ( )medTotal Mechanical Non-Mech.in in= +p p p .                                      (13)                                                                                                                    
 Eq(13) is the seventh key proposal of this work. There ( )medMechanical inp  and ( )Non-Mech. inp are respectively the 
mechanical momentum of a generic scatterer and the non-mechanical photon momentum inside this body 
at any instant.  We shall show by means of several illustrations that Eq. (4) should be considered a special 
case of Eq (13) when the value Iε  of the object embedded in air or vacuum does not cross beond the limit 
of moderate loss. However, the question is how Eq (8b) and (10b) satisfy the test Eq (9b). This is 
answered in the following sections and in supplement S4 (a)-(d) considering several complex situations. 
III.C. b. GEL system of first kind: Introducing the first kind generalized Einstein-Laub equations 
        For the ‘GEL system of first kind’ defined previously, [cf. Fig. 1 (c)], coresponding to bodies with 
no, or moderate, absorption, embedded in an arbitrary medium, we identify the constitutive parameters of 
Eqs. (7a) and (7b) as those of the immediate background region: Eff bε ε= and Eff bµ µ= , (i.e that region 
sharing its interfaces with the embedded body). For these GEL systems of first kind we find useful to 
rename the generalized Einstein-Laub equations as 'first kind GEL (or ‘GEL1’) equations'. Hence from 
Eq (8b), the first kind GEL (or ‘GEL1’) ST can be written as:  
     ( )GEL1 in in in in ( ) in in ( ) in in1 .2 b j b jµ ε= + − ⋅ + ⋅T D E B H H H E E I   (14) 
where j=1,2,3,...., N  represents the number of  background regions sharing interface with the object, [cf. 
Figs. 2(a) and 2(b)]. Eq (14) is the eighth key proposal of this work. 
When the background is vacuum or air, our first kind GEL stress tensor [Eq (14)] turns into the Einstein-
Laub ST. As a result, we conclude that the Einstein-Laub ST is only a special case of the GEL1 ST put 
forward in this paper.  
      On the other hand, to fulfill the linear momentum continuity equation ( · t
∂
−
∂
= ∇ Tf G ) inside an 
 embedded object, Eq. (12a) leads to the first kind GEL non-mechanical momentum density: 
 
    Material Electromag
2 2 2
in in in inGEL1 ( ) ( )[ ( ) 1]( ) / ( ) /s s s sb j b jc c cµ µε ε µ ε= = + − − × + ×G G E H E HG +               (15) 
 like in Eq (14),  j=1,2,3,...., N  representing the number of  background regions sharing interface with the 
object. According to our discussion in Sub-Section III.C.a, the equation governing the conservation of 
total momentum in a ‘GEL system of first kind’ should be written as: 
                                                      ( ) ( )medTotal Mechanical Non-Mech.in in= +p p p .                                                 (16)                                                                                                  
Here ( )medMechanical inp  and ( ) 1stNon-Mech. GELin dv= ∫p G  are respectively the mechanical and the non-mechanical 
momentum at any instant of the embedded scatterer, (i.e. the embedded Einstein-Balazs box). Eq. (4) 
reveals as a special case of Eq (16). However, according to Eq (10b) the interior time-averaged 
force on an embedded scatterer should be written as: 
              
( )( ) ( )( )
( )( ) ( )( )
* *
GEL1 ( ) in in ( ) in in
* *
( ) in in ( ) in in
1 Re[
2
].
S b j S b j
S b j S b ji i
ε ε µ µ
ω ε ε ω µ µ
= − ⋅∇ + − ⋅∇
− − × + − ×
f E E H H
E B H D
                (17)      
 Eq (17) is the ninth key proposal of this paper. Note that when b 0ε ε=  and b 0µ µ=  , the time-varying 
version of Eq (17) does not turn into the Einstein-Laub force due to the presence of the  
in int t
∂ ∂
× − ×
∂ ∂
P MB D   term, that appears instead  of 0ot t
εµ
∂ ∂
× − ×
∂ ∂
P MH E , (cf.Table-1). However, it is 
interesting that Eq. (17) also leads to the correct time-averaged internal force on an object embedded in 
air or vacuum with moderate absorption, (i.e. a ‘kinetic system’, discussed in Sub-Section III.A). Thus the 
time-averaged force felt by an embedded scatterer should be expressed in general as: 
                                                    ( ) GEL1 system in inTotal GEL1 GEL1in = .d dv= ⋅∫ ∫F T s f                                              (18) 
Thus the previously defined ‘kinetic system’ reveals to be a special case of a ‘GEL system of first kind’. 
IV. Additional features of ‘GEL systems of first kind’: The internal dynamics of an object 
embedded in various types of background media 
IV.A. Homogenous unbounded background and the experiment on trapping of biological cells 
      Our GEL1 ST, Eq (14), yields the total force from fields inside an arbitrary object, [i.e. either 
absorbing, gain, dielectric, or magneto-dielectric, with e.g. slab, sphere, or cylinder shape; cf. Fig. 1 (c)] 
embedded in a generalized magneto-dielectric medium. For example, on an absorbing magneto-dielectric 
3D scatterer embedded in a homogeneous magneto-dielectric background, it is illustrated in Fig. 3a that 
the ‘outside force’ given by Minkowski's ST is in full agreement with the interior force (which is the 
‘force felt’ by the scatterer) given by GEL1 ST up to the limit of moderate absorption, (i.e. ( / ) 10I bε ε < ). 
In addition, several other results from Mie calculations and full wave simulations support such 
agreements, which are illustrated in Supplements S4 (a)-(d), as well as in the next sections. In general, for 
arbitrary scatterers with moderate, low, or no absorption at all, from Eq (5a) and Eq (18) we have: 
                                                        ( ) ( )Mink. system  GEL1 systemTotal Totalout in .≈F F                                            (19)           
Eq (19) is the tenth key proposal of this work, [cf. also Eq (9b)].  
Especially, we remark the importance of the slab example illustrated in Supplement S4 (a). Let us 
consider a lossless magneto-dielectric slab, embedded in another lossless unbounded magneto-dielectric 
medium, illuminated at normal incidence by a linearly polarized plane wave propagating along  the z-
direction with electric vector: ( )0
i kz t
xE E e
ω−= . The ‘outside force’ can be calculated considering the 
transfer of  Mink (out) = p k  from the background to the embedded slab (cf. Eq (60) in [50]).  At the same 
time, the interior force on the embedded slab is calculated by our first kind GEL ST [cf. Eq. (14)] and the 
force density formula of Eq. (17).  All of them are in full agreement with each other:                                                                                         
     [ ] ( ) ( ) ( ) { }
2
Transfer Process 2 20
From Background
1 1
2 1b S
S b
i i r r t t s b s s b s
s
EN k N k N k R T
µ ε
µ ε
ε ε µ µ µ ε
µ
+ − =  − − −  + + −
       (20a) 
In Eq.(20a), ‘i’, ‘r’ and‘t’ mean incident, reflected and transmitted, respectively. Thus the left side of  
(20a) describes the transfer of momentum to the embedded slab employing the incident, reflected, and 
transmitted Mink (out) = p k , respectively. In contrast, the right side of (20a) represents the total internal 
GEL force felt by the slab, obtained by employing only its internal field. The quantity 
 ( )N S ω=  denotes the photon flux and S  is the time-averaged Poynting vector. R and T stand for 
the reflection and transmission coefficients of the slab. In consequence, with the aid of Eq (20a) one can 
write Eq (19) for a slab as: 
                                                 ( ) ( )Mink. system  GEL1 system out in ,=A AF F                                                (20b) 
where FA is the force per unit area on the slab. Our calculations verify that the internal time-averaged first 
kind GEL force, Eq (17), acts on the magneto-dielectric particle by interaction between 
ElectricJ ( Eff / t= ∂ ∂P ) and B [23,51] (instead of 0 inµ H or inbµ H ); and between MagneticJ ( Eff / t= ∂ ∂M ) and 
D . This resolves long lasting [4] debates regarding the EL force as pointed in [23] as well as some 
confusions between the time-varying and the time-averaged forces reported in [51]. 
               For the biological cell trapping experiment [26], Chu [27], Einstein-Laub [4] and 
Minkowski’s forces [4] lead to the same magnitude of the force considering a simplified model 
based on a slab embedded in air [4, 27]. However, we must state that even without considering  
such simplified models, and even without employing any hidden quantity, Eq (20a) matches the 
exact results reported in [26] on considering the actual non-vacuum background (cf. Eqs (1a) and 
(1b) in [26] which involve the transfer of momentum Minkp from the background to the object). 
Modelling the cell as a dielectric slab embedded in a dielectric, as done in the actual work [26], 
the interior force can be correctly calculated from the first kind GEL ST, Eq (14), but not via Chu 
or any other ST. Even if the cell is replaced by an arbitrarily shaped magneto-dielectric scatterer 
embedded in another magneto-dielectric background, our conclusions based on Eq (19) remain 
valid, as shown in Fig. 3(a), and also in Supplements S4 (a)-(d) and in the next examples.   
 
IV. B. Heterogeneous unbounded background: Force dynamics in an embedded object 
        Fig. 3(b) illustrates that the first kind GEL ST yields the correct interior force on an embedded 
scatterer even if the background medium is heterogeneous, [see also Fig. 2(a)]. As seen, Eq. (19) remains 
valid not only for the simple case of a dielectric object submerged in a bi-background: air-water [7, 33], 
but also for an infinite magneto-dielectric circular cylinder embedded in a heterogeneous medium of four 
different magneto-dielectric layers, as illustarted in Fig. 3(b). There the object is a 2D magneto-dielectric 
cylinder, with radius a=2000 nm. 25% of the particle is immersed in each of the four magneto-dielectric 
backgrounds. Our first kind GEL ST is employed in regions 1, 2, 3, and 4, inside the embedded object by 
using only interior fields, [cf. Fig. 3s in Supplement S4(c)], but with four different permittivities and 
permeabilities of the backgrounds employed in this first kind GEL ST, Eq (14). These complex situations 
are correctly tackled by our 2D full wave simulation. More details on the connection between the first 
kind GEL ST and our generalized Einstein-Laub theory with a heterogeneous background are highlighted 
in Supplement S4 (c). 
IV. C.  A first example of bounded background: Force dynamics in an embedded core  
         Our formulation is further verified by obtaining the force on a dielectric sphere, with core radius a, 
coated by a dielectric shell (core-shell total radius: b) embedded in air. For a=50 nm and b=60 nm, [cf. 
Fig. 2(b) and the inset in Fig. 4(a) illustrating the bounded background]. The time-averaged ‘outside 
force’ on the core, CoreoutF , which is calculated by employing Minkowski ST, Eq (5),  on r=a+  with  
fields in the shell, conveys the transfer of pMink (out) from the shell to the embedded core. This 
corresponds to a ‘Minkowski system’ defined in section III.B.a. Fig. 4(a) illustrates that the ‘outside force’ 
is in full agreement with our first kind GEL ST based time-averaged force, Eq (14), here denoted as 
Core
inF , using the fields inside the core [at  r a
−= ]. Eq (19) remains also valid for this configuration, [cf. 
Fig.4 (a)]. In consequence, the equation governing the conservation of total momentum inside the 
 embedded core should be written from Eq (16) as [cf. also Fig.1 (c)]: ( ) ( )coreTotal Mechanical Non-Mech.in in= +p p p  
. Where  ( )coreMechanical inp  is the mechanical momentum of the core and ( )Non-Mech. RELin (in)dv= ∫p G .  
V. Force dynamics in the embedding background 
V. A.  A second example of bounded background 
   So far we have only considered the issues concerning the scattering object. Now we propose a thought 
experiment to gain insight on the appropriate force distribution and photon momentum in the embedding 
background. Let us consider another core-shell example with b>>a, [cf. Fig. 4(b) with b=8a], where the 
whole core-shell object embedded in air can be considered almost homogeneous, (i.e., this is a kinetic 
system). The time-averaged outer force 
Shell
outF on this entire body, obtained from the air fields on r b
+= , 
by the conventional Maxwell ST, (which is the Minkowski ST), is in full agreement [cf. Fig.4(b)] with the 
time-averaged force 
Shell
inF  derived from the EL ST on employing the interior fields of the whole object 
on r b
−= . Notice that the EL ST supports pAbr(in) in the entire body, being mainly constituted by the large 
shell, and which can be considered as the background of the tiny core. In consequence, if and only if the 
background is much larger than the embedded scatterer, the equation goberning the conservation of total 
momentum in that background can be written in accordance with Eq (1) as: 
                                            ( ) ( )Background Total kin Abrin in .= +p p p                   (21)                      
( )Background kin inp is the kinetic momentum of such a large background. Of course Eq. (21) is valid only when 
the embedded scatterer (i.e. the tiny core) is small enough so that its presence can be neglected, [cf. Fig.1 
(a)]. Note that in the previous core-shell example of Section IV. C the core-shell object is overall 
inhomogeneous, (a=50 nm; b=60 nm). Hence, the interior force on the entire object cannot be calculated 
by the EL ST, nor the associated photon momentum in the shell can be defined as ( )Abr inp . 
V. B. Important conclusions regarding the two photon momenta in the same background 
          The resolution of the dilemma of two photon momenta in the same background can be well 
understood by recognizing the completely different roles of ( )Abr inp and Mink (out)p  in Eqs. (21) and (6), 
respectively. ‘The dilemma should not be: which photon momentum is correct and which one is incorrect? 
Rather it should be: in a specific measurement, which photon momentum should emerge and which 
should not?’. Then our resolution of the dilemma is: 
“If a measurement is done only to determine the transfer of optical momentum into an embedded body, 
Minkowski photon momentum emerges at the interfaces or boundaries of the body. In contrast, if a 
measurement is done to detemine the internal force (and the force distribution) in the embedding 
background, then the electromagnetic photon momentum in the large background medium emerges as that 
of Abraham” 
    In the example of Section V.A, the large shell can be considered as the unbounded liquid background of 
the experiment reported in [34], while the embedded core in the examples of Sections IV .C and V.A plays 
a role similar to the embedded mirror of [34]. The measured force felt by the large shell, and the photon 
momentum there, (i.e. like in the water background of [34], cf. also Eq (21) in [20]), reveals to be the 
internal EL force and pAbr (in), respectively. In contrast, the measured ‘outside force’ on the core, (like the 
transfer of momentum to the embedded mirror in [4, 34]), as well as the photon momentum there, 
manifests as that from the external Minkowski force [3], and pMink (out), respectively, [35]. I.e. according 
to the left side of  our  Eq (20a) if the permittivity of the embedding medium is increased by bn and the  
incidence angle of the beam is iθ  , the force on such  a  perfect reflector in [34], modelled as a slab 
[3,20,35], (i.e with 
2 0T = and 
2 1R = ), increases from 2 20 0 i cosEε θ   to  
2 2 2
0 0 i i cos  (2 / c) S cosb bn E nε θ θ= 〈 〉  supporting the transfer of momentum pMink (out), as observed in [34]. 
Three other major radiation pressure experiments [7, 52, 53] also support our above resolution of the 
dilemma. We discuss them in our footnotes [54] and [55].  
  VI. GEL system of second kind: Internal dynamics in a highly absorbing object embedded in air  
     We return to the case of a highly absorbing scatterer, for which the EL ST fails to yield the total 
interior force even if the body is embedded in air, [cf. our discussion on ‘kinetic systems’ in section III.A]. 
We show that then the internal dynamics of such objects is different to that of a scatterer embedded in a 
material background, [cf. our discussion in the beginning of section III.C]. For an arbitrary dielectric or 
magneto-dielectric object embedded in air, we can write: 
              GEL EL Eff Eff 0 0(in) (in) ,( , ) ( , ) ,when moderatelyabsorbing;ε µ ε µ= =T T              (22a)    
[ ]GEL GEL2 Eff Eff 0(in) (in) , ( , ) (Re , ),  when extremely absorbing;sε µ ε µ= =T T             (22b)                                                 
GEL (in) unknown; between moderate and extreme absorption.=T                   (22c) 
 In Eq (22b), [ ]( )* * * *GEL2 in in in in 0 in in in in1 1(in) Re Re2 2 sµ ε
 = + − ⋅ + ⋅  
T D E B H H H E E I .The approximate 
absorption region in which the absorption of a scatterer is much higher than the ‘moderate absorption’ 
(previously discussed in section III.A) is defined as the region of ‘extreme loss’ (i.e. 
background permittivity,I bε ε ). We define the internal dynamics of such an object as the ‘GEL system 
of second kind’. Illustration of such a system is shown in Fig. 4s in the supplement S4 (d). In Eq (22b), 
‘GEL2' denotes the second kind GEL formulation. In such situations, only the appropriate definition of 
PEff  and Meff  in Eqs. (7a) and (7b) is required to obtain the total interior force via the GEL theory, (see 
note [49]).  Fig. 4s in Supplement S4 (d) shows that for an ‘extremely absorbing' scatterer embedded in 
air or vacuum, one requires ( )Eff Eff in ins Iiε ε ε= − =P E E  and ( )Eff 0 insµ µ= = −M M H  to satisfy Eq (9b). 
Therefore we recognize: [ ]Eff Re s Rε ε ε= =  and Eff 0µ µ=  respectively. In consequence, according to our 
Eqs (8b) , (10b) and (11b) for an extremely absorbing object embedded in air or vacuum, the generalized 
EL ST, force and momentum density take the final form:  
                          [ ]( )* * * *GEL2 in in in in 0 in in in in1 1(in) Re Re ,2 2 sµ ε
 = + − ⋅ + ⋅  
T D E B H H H E E I                   (23)  
  ( ) ( )( ) ( ) ( )( )* * * *GEL2 in in 0 in in in in 0 in in1 Re2 I s I si i i iε µ µ ω ε ω µ µ = ⋅∇ + − ⋅∇ − × + − × f E E H H E B H D (24) 
     ( )Material Electromag in in iGEL2 Eff Eff Eff Eff 0 n in( )( )(in) [ ( )] Re s s s ssµ µ µε ε ε µ ε= × = ×− + −= ×  G G G+ PE H E HM    (25)                                                   
According to Eq (25), the interior of such an extremely lossy object constitutes a ‘GEL system’, where the 
total non-mechanical momentum density is neither Abraham's nor Minkowski's. On the other hand, the 
reason why in the range between the moderate and extreme absorption (cf. Eq (22c)), the GEL2 equations 
or any other ST cannot yield the total force excluding hidden momenta (and then how the total volume 
force can be calculated) is discussed in details in Supplement S4 (d). 
   However, for any generic highly absorbing scatterer embedded in air (cf. Eqs (22b) and (22c)), it is 
clear that the non-mechanical momentum density at those highly absorption regions is not the one of 
Abraham, (since EL and Chu ST do not yield the total internal force), neither the one of Minkowski, 
(since the Minkowski ST does not yield the total internal force); [cf. Fig.4s in Supplement S4 (d)]. 
VII. A unified theory: How much unification is possible? 
      Considering all the above cases, we conclude that based on the appropriate choice of the effective 
polarization PEff, magnetization MEff, and the GEL equations, it is indeed possible to establish appropriate 
equations that correctly yield the force inside a generic arbitrary macroscopic object, and also in the 
embedding background. Nonetheless, in order to achieve a unified theory for the conservation of linear 
momentum, the connection of the GEL formulation, aimed to interior force determinations, with the 
‘outside force’ on the object should be considered. This correct ‘outside force’ is given by the equations of 
note [56], which also reveals the connection of the GEL force with the ‘outside force’. Our analysis in 
note [56] shows that even with PEff   and MEff, a unique universal force law both in the interior and 
exterior of a scatterer, (like e.g. a Mie object), is not possible. But the ST for the ‘outside force’ still 
 remains Minkowski's [36] along with Mink (out)p for the momentum transferred to the embedded generic 
object. This unification can be achieved with PEff = M Eff = 0 in our GEL ST and momentum density [cf. 
Eqs (8a) and (11a)] by expressing them in terms of the outside fields of an embedded generic scatterer, 
i.e. the GEL Eqs (8a) and (11a) take on the final form: out outGEL Mink=T T and GEL Mink(out) = (out)G G .  
        However, for the experiment reported in [29], it is considered in ref. [4] that the ‘outside force’ 
supports the EL formulation. In this connection one should notice that the difference between the ‘outside 
dipole force’ [36] and the outside GEL force discussed in note [56] mainly arises from the oute-mF term. If 
the dipolar object is a dielectric embedded in another dielectric, the total dipole force equation [57] 
( )outDipole (Total) ee t
∂
= ⋅∇ + ×
∂
dF d E B  and the EL force density ( )EL t
∂
= ⋅∇ + ×
∂
Pf P E B  look similar since 
out
e-mF =0. But the induced electric dipole moment oute eα=d E  , (where e
α
 is the complex electric  
polarizability defined in [36])  in the outside dipole force equation [57] is applicable only at the exterior 
of the dipolar object, (cf. Fig.1 in [58]). On the other hand, the polarization ( )0 insε ε= −P E  in the EL 
equation [28], or the effective polarization ( )Eff ins bε ε= −P E  in the first kind GEL equation (17) is 
applicable at the interior of any generic macroscopic scatterer such as Rayleigh, dipole, Mie, or even a 
more complex body. The time averaged EL force constitutes the total internal force on a macroscopic 
object, which is connected with the concept of force distribution and ‘delivered momentum’ inside a 
generic macroscopic object. In contrast,
out
Dipole (Total)F simply describes the  ‘outside force’, [cf. Eq (5a)], 
which is connected with the concept of ‘transferred momentum’ from the background to a dipole. 
         These aformentioned differences can be verified in a simple way:  if for example the ‘outside force’ 
on a dipolar dielectric sphere (embedded in another dielectric) is calculated based on the EL ST (rather 
than on Minkowski ST) by employing only the background fields, it will lead to an incorrect result. 
out
Dipole (Total)F  and the time-averaged ‘outside force’ obtained from the EL ST do not match because the 
 stress tensor and the photon momentum associated with the total dipole force [57] is nothing else but the 
one of Minkowski [36]. In consequence, although ( )outDipole (Total) ee t
∂
= ⋅∇ + ×
∂
dF d E B  [57] looks like the 
EL force, the ‘outside force’ used in [29] is not the EL one. Rather it is the force  outDipole (Total)F  of Eq 
(N56a) in our note [56], which is associated only with the external Minkowski ST Eq (5b) [36]. It is 
notable that our formulation pertains to the dynamics of macroscopic objects, which is different to that of 
a single atom [59, 60] or other microscopic entities [48].  
VIII. Key conclusions on the ‘existence domain’ of the different stress tensors and force laws 
(1) In section III.A, and in Supplements S0 and S1, we clarify that if one determines the internal force on 
an object with no or moderately loss embedded in air or vacuum, AbrG  appears supporting only the 
Einstein-Laub equations, [cf. Eq (3)] by excluding hidden momenta [see Figs.1s (a) and (b)]. Thus only 
such a scatterer can be modelled as a transparent Einstein-Balazs box supporting the internal photon 
momentum Abr (in)p [cf. Eq (4)].  
 
(2) If the absorption of a scatterer embedded in air approximately reaches the extreme loss (which is 
much higher than the moderate loss of a scatterer), its internal force can be calculated excluding hidden 
momenta by GEL2 ST in Eq (23). Between the range of moderate and extreme absorption, it is not 
possible to yield the total internal force on the scatterer excluding hidden momentum. However, if the 
absorption of a body embedded in air crosses the moderate loss, its internal non-mechanical momentum 
density does not remain as the one of Abr (in)G . 
 
(3)   If the background is not air or vacuum, the internal force on an embedded object cannot be calculated 
from the EL equations (3); then our first kind GEL equations (14) and (17) should be used. The ‘outside 
force’ on the embedded object should be obtained by Minkowski's ST [cf. Eqs (5a) and (5b)]. Thus at 
least two different STs (i.e. external and internal) determine the total force independently of the object by 
 excluding hidden momentum. In Figs. 3(a) to Fig. 4(b) in this paper, and in Supplement S4 (a)-(d), we 
have shown several numerical and full wave simulation results that support Eq (19), [or more generally 
Eq (9b)]. Eq (19) also supports the concept: ‘existence domain’ for STs, force laws, and photon momenta. 
Our theory can successfully interpret and explain the different experimental observations reported in [7], 
[13], [26], [29] and [33]. Moreover, our conclusions remain valid even if an object is embedded in a 
heterogeneous [cf. Fig. 3(b)] and bounded background [cf. Fig. 4(a)]. 
 
(4)        There are several experiments that some of the previous STs and optical force equations have 
failed to interpret because they have been used without considering their proper domains of validity 
[48,50, 61], (see also our discussion in Section VII). For example, if one considers a rectangular magneto-
dielectric slab embedded in a magneto-dielectric medium, the force that applies should be that Eq (20a), 
which supports Eq (19). To our knowledge, no other ST, or force law, leads to such a matching of the 
interior force with the outside one without adding hidden quantities. This and our several other results in 
Figs. 3(a)–4(b), and in Supplement S4 (a)-(d), explain why for several experimental situations [61], the 
Helmholtz/Minkowski force (cf. Table-1), which is connected with the external Minkowski ST and Minkp  
(see Table-1), with outside fields leads to the correct results. However, if this same Helmholtz force is 
applied inside an object, it may lead to a wrong result or create some serious ambiguities, even for some 
simple cases as reported in [50]. 
(5)    Previously the experiment of [34] and the photon drag experiment of [53] caused a severe 
controversy [2-4, 20, 35] regarding the force and photon momentum in the dielectric background [34] or 
in the host [53], respectively. To solve those dilemmas, based on our concept: ‘existence domain’ we 
conclude that if one measures the internal force on the large background excluding hidden momenta, the 
appropriate formulation should support the EL equations with the background fields  and  with ( )Abr inp  
,[cf. Eq (21) and Sections V. A and V. B]. In contrast, if one measures the transfer of momentum to the 
scatterer, or scatterers, embedded in that background or host, the appropriate formulation should support 
 Minkowski's equations with the background, or host,  fields, i.e. with the external fields of the embedded 
scatterer; [cf. Eq (5a) and (6)]. 
 
     Thus summarizing all the above, we state that our Eq (19) supports the ‘existence domain’ of 
Minkowski's ST and our first kind GEL excluding hidden quantities. We have verified the validity of Eq 
(19) [or, more generally, of Eq (9b)] based on several numerical results via full Mie calculations along 
with full wave simulation results, [se Figs. 3(a) - 4(b) and Supplements S0 and S4 (a)-(d)]. These all, 
along with Table-1, should finally resolve most previous conflicts reported in [2-4, 13-24, 26-29, 33-
42,48,50,51-53,59]. Especially the compact classification provided in Figs. 1(a)-(c) should allow the 
prediction of the correct ‘measurent approach’ of the total force, excluding hidden quantitites, as well as 
the photon momenta, for the different situations without further ambiguities. 
IX. Key conclusions on the ‘existence domain’ of the different photon momenta 
 
(1)    The resolution of the dilemma of two photon momenta in the same background medium can be well 
understood by recognizing the completely different roles of ( )Abr inp and Mink (out)p  in Eqs. (21) and (6), 
respectively. If a measurement is done only to determine the transfer of optical momentum into a body 
(i.e. into the embedded scatterer), Minkowski photon momentum should emerge at its interfaces, or 
boundaries. By contrast, if a measurement is done to get the appropriate internal force and the force 
distribution of the embedding background, the pure electromagnetic photon momentum in that large 
continuous background should emerge as that of Abraham. Interestingly, this conclusion unifies four 
different confusing experiment interpretations [7, 34, 52, 53] in a compact framework. 
(2)      The GEL theory answers what the behavior of the photon momentum inside the scatterer should 
be.For example, if one measures the total internal force, or force distribution, on a scatterer embedded in a 
non-vacuum background, the associated photon momentum inside this body should emerge as 
( )Non-Mech. inp  defined in Eq (16), where ( )Non-Mech. Material Abrin (in) (in)p p p= + .  Considering Eqs (15) and (23), 
 one of the main conclusions in this work is: the GEL non-mechanical momentum density is indeed a 
function of our newly defined EffP and EffM  inside the object, [cf. Eq (11a)], and coincides with 
Abraham's momentum density only for moderately or non-absorbing scatterers embedded in air. 
 
(3)   Inside an embedded object a Lagrangian description, along with a conventional electric and magnetic 
dipole moment [24, 59, 62], always leads to: 
med med
Cano. Mink kin Abr .+ = +p p p p  However, any ST associated 
with  ( )Abr inp  does not lead to a correct time-averaged interior force on the embedded object. Moreover, 
an internal Minkowski ST (i.e. by employing the fields inside the object) associated with  ( )Mink inp  leads 
to a zero time-averaged force on a lossless object, as nothing is embedded inside it. As a result, according 
to our verifications in Fig. 3(a) - 4(b) and Supplement S4 (a)-(d) on the validity of the first kind GEL ST 
(Eq (14)) and force law ( Eq (17)), the appropriate equation of total momentum conservation inside an 
embedded object must be Eq (16). I.e., according to Eqs (15) and (16) we have: ( )Non-Mech. Abrin (in)≠p p  
and ( )Non-Mech. Minkin (in)≠p p .   
 
(4)      As stressed in Section V A, the dilemma on the appropriate photon momentum is not about its 
general correctness, but on which one emerges in a specific measurement. The answer to this question is 
contained in the three previous points above in this Section. The ‘existence domains’ of the 
electromagnetic momentum densities (or photon momenta) in above three points, as well as the proposal 
of kinetic and canonical momenta reported in [24], can be unified via the equations of  total momentum 
conservation: (4), (6), (13) and (21); even though Eq (4) is a special case of Eq (13) [or of Eq (16)]. 
Hence, although the transfer of momentum from the background to an embedded macroscopic object can 
be considered as Mink (out)p , [specially at the boundary of the object], the internal non-mechanical 
momentum inside the object can achieve different magnitude other than that of Abr (in)p and Mink (in)p . 
 
         Thus summarizing all the above, a main conclusion is: the observation of a specific photon 
momentum dependens on the ‘measurement approach’, which in fact arises from the ‘existence domain’ 
 of the corresponding ST and photon momentum. This is supported by our main equations (9b), (19), as 
well as by Eqs. (4), (6), (13), (21). It seems that such a simple interpretation as this one based on the 
concept of ‘existence domain’ has remained unnoticed in previous works [2-4,20 ,35,45,48], thus 
hindering an explanation of the  experiments of  [2-4,7,20,34,52,53]. 
 
 
X. Final remarks 
In 1918 Albert Einstein himself wrote against his stress tensor proposed with Jacob Laub [63]: 
“It has long been known that the values I had derived with Laub at the time are wrong; Abraham, in 
particular, was the one who presented this in a thorough paper. The correct strain tensor has incidentally 
already been pointed out by Minkowski” 
Though apparently not noticed by Einstein at the time, the EL formulation of the force and stress tensor, 
along with Abraham's photon momentum is suitable inside objects with moderate absorption, embedded 
in air or vacuum. This is one of our conclusions in this work. In addition, we have shown that if an object 
is embedded in a material background, the ‘outside force’ is determined from the background fields on 
using Minkowski's stress tensor which supports the transfer of momentum  Minkp from the background to 
the embedded object. This can also be done by setting PEff = M Eff = 0 in our Generalized Einstein-Laub ST 
and momentum density. By the same token, the 'interior force’ is determined from the fields inside the 
body on using our Generalized Einstein-Laub equations, which in turn are in agreement with the ‘outside 
force’ given by Minkowski's ST. Nonetheless, in contrast with the ‘outside force’, the 'interior force' 
requires an appropriate choice of PEff   and M Eff.  in the  Generalized Einstein-Laub equations. Then 
according to the linear momentum continuity equation: · t
∂
−
∂
= ∇ Tf G , if one identifies the appropriate 
stress tensor, it leads to: (i) The correct time-averaged 'interior force' without  any problematic manual 
addition of hidden quantities. (ii) The correct non-mechanical momentum. This reveals that Abraham's 
 momentum density is only a special case for an arbitrary embedded object, since a more general interior 
momentum density G should be expressed in terms of our newly defined quantities PEff   and M Eff..  
     We thus conclude that excluding hidden momenta, we require at least two different STs and 
electromagnetic momentum densities to establishing a linear momentum continuity equation. 
These are: Minkowski's ST and momentum density outside the body, and our Generalized 
Einstein-Laub ST and momentum density inside. This is not only simple for calculations, but more 
effective than approximate force formulae, such as e.g. the dipolar force [13] approach, to verify and 
predict the outcome of several complex experimental situations.  
      Summarizing, in this paper we have demonstrated  that a unique force law or ST, along with a unique 
photon momentum, cannot provide a linear momentum conservation law, since the physical effects 
derived from the different STs, electromagnetic momentum densities, and force laws are quite different 
from each other due to their different ‘existence domains’. However, although a unique general equation 
for both the interior and exterior forces law is unfeasible, an expression of the GEL ST and the 
momentum density is attainable in terms of the vectors PEff   and M Eff. defined in this paper.  
Hence, if we exclude the problematic hidden momenta, the conservation law:  · t
∂
−
∂
= ∇ Tf G  can be 
expressed by a single equation based on our postulate of note [49] as:  
                             ( ) ( )Total Totalout in≈F F ; Where ( )GEL Mink Eff in Eff
1
2 in
= + ⋅ + ⋅T T M H P E I  and 
GEL in Eff in Eff Eff Eff(in) [[( ) ( )] ( )]= − × −− ×G D P B M P M , (for e.g. a sphere or cylinder PEff = M Eff = 0 for r > 
a, but  PEff = e inχ E  and M Eff = m inχ H   for  r < a). eχ  and mχ  denote the electric and magnetic 
susceptibilities, which are respectively functions of the scattering object permittivity and 
permeability for the different configurations at hand. For example: 
 (i) When ( )Eff b inSε ε= −P E and ( )Eff b inSµ µ= −M H , in inGEL GEL1=T T  and inGEL GEL1=G G , if the background is 
air or vacuum, the GEL equations turn into those of Einstein-Laub. 
(ii) When Eff inIiε=P E  and ( )Eff 0 inS= µ µ= −M M H , then inGEL GEL2=T T  and 
in
GEL GEL2=G G . 
 (iii) For embedded chiral scatterers, the form of eχ  and mχ will be different, but the final form of the ST 
derived from the GEL ST, Eq (8b), remains the same as in Eq (14).  
However although a single internal time-averaged force expression [i.e. GEL force, cf. Eq (10a)] remain 
valid in terms of PEff   and M Eff   most of the times, it is not possible to achieve unique mathematical 
expression that includes both the inside and outside force [56]. 
       Our study also resolves the dilemma on two possible photon momenta in an embedding background  
by identifying the two fully different concepts based on the measurement approach: ‘mementum transfer’ 
and ‘delievered momentum’. In particular the possible riddles arising from the experiments of [7], [26], 
[29], [34], [52] and [53] are sorted out by our unified theory. In this way, we resolve the long-lasting 
debates between the formulations of Abraham, Einstein-Laub and Minkowski, and unify them with the 
GEL ST and non-mechanical momentum density formulations. Our theory, that excludes hidden 
momenta, and embraces the Minkowski and GEL stress tensors as the general calculation entities, should 
bear consequences not only in physics, but also for engineering and biology areas requiring the 
determinination and control of optical forces [5, 6, 30-32]. 
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 Figures and Captions 
(a) Kinetic System (inside the object)
ELin EL= r a d−== ⋅∫ T sF F
( )0 0,ε µ
( ),s sε µ
a
( ) ( )medTotal Mechanical Non-Mech.in in+p = p p
(b) Minkowski System (outside the object)
Minkout Mink= r a d+== ⋅∫ T sF F
( ),b bε µ
( ),s sε µ
a
( ) ( )medTotal Kin Abrin in= +p p p
ik
(c) Generalized Einstein-Laub System  
(inside the object)
GELin GEL= r a d−== ⋅∫ T sF F
( ),b bε µ
( ),s sε µ
a
( ) ( )medTotal Cano. Minkout out=p P + P  
Fig.1:   (a) ‘Kinetic system’: A homogeneous lossless, or moderately absorbing, object is embedded in air 
or vacuum.  Inside the object this system supports Eq (1) as the governing equation of total momentum 
conservation. This leads to the total force, inF  given by the EL equations employing only the interior 
fields. No other stress tensor except the EL ST excluding hidden momenta leads to total interior force. (b) 
‘Minkowski system’:  An object is immersed in an arbitrary material background. Outside the body this 
system supports the transfer of ( )Mink outp from one medium to another, which is correctly described by 
the total momentum conservation Eq (2). The transfer of Abr (out)p is not detectable by any calculation 
based on the photon momentum such as a ray tracing method or Doppler shift effect. In order to get the 
total ‘outside force’ (see the arrows), outF is found via Minkowski's ST.  (c) A 'generalized Einstein 
Laub (GEL) system’: A homogeneous object is immersed in an arbitrary medium. Inside this body, such 
systems support our equation for the total momentum conservation: ( ) ( )medTotal Mechanical Non-Mech.in in= +p p p , 
which is a generalization of Eq (1), (see Eq. (16) of text and section III.C.b). This leads to the total force 
inF inside the object given by our Generalized Einstein-Laub equations (GEL).  No other stress tensor 
except the GEL one leads to correct interior force excluding hidden momenta.  
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Fig. 2:  Illustration of momentum transfer and delivery from an incident plane wave with propagation 
vector  ik  to an embedded three-dimensional (3D) generic object, (i.e. Rayleigh, dipole, Mie, or larger 
than Mie, object). (a) A sphere or cylinder is immersed in an unbounded and heterogeneous background 
medium. (b) A core-shell sphere or cylinder (i.e., the core is embedded in a bounded background). In both 
cases the total force obtained by using the time-averaged ST is outF  evaluated from fields outside the 
particle (‘Minkowski system’), at 1.001r a a
+= = , (black circles); whereas this force is inF when the ST 
is determined from fields inside the object  (‘GEL system’) at 0.999r a a
−= = (white circles). Almost all 
the previous conflicts of linear momentum conservation arise from the inappropriate choice of STs, (or 
force laws), and photon momenta. It is for this reason that the ‘existence domain’ of the different STs (and 
force laws without hidden quantities) has not been previously identified, (see Table 1). By excluding 
hidden momenta, we show that outF should be calculated from Minkowski ST, whereas inF should be 
obtained by our GEL ST. If and only if the background is air or vacuum, inF should be given by the EL 
ST, which is a special case of our GEL ST. Other stress tensors do not match. 
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Fig.3: Time-averaged forces (Fout at 1.001r a a
+= =  from Minkowski ST, Eq (5), and Fin at 
0.999r a a−= =  from the first kind GEL (GEL1) ST, Eq. (14). These forces are in accordance with Eq 
(19). (a) Force on an absorbing magneto-dielectric sphere with a=1000nm (i.e., a Mie object), 
015s Iiε ε ε= + ; 03sµ µ= . illuminated by a linearly polarized plane wave 
( )i kz t
xE e
ω−= .  at 1064λ = nm. 
The unbounded homogeneous magneto-dielectric background parameters are: 04bε ε=  and 02bµ µ= . 
Notice that the sphere loss is in log scale. (b) Force on a  magneto-dielectric infinite cylinder of ( ,s sε µ ) = 
( 05ε , 02µ ) and radius 2000 nm  embedded in heterogeneous unbounded background of four different 
magneto-dielectric layers: ( ,b bε µ ) = ( 03ε , 02µ ); ( 04ε , 03µ );( 05ε , 04µ ); ( 06ε , 05µ )   [cf. also Supplement 
S4(c)]. The illuminating plane wave with 1064λ = nm incides at varying angles.  
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Fig. 4: A 3D core-shell dielecrtic sphere embedded in air is illuminated by a linearly polarized plane 
wave. (a) Core radius, a=50 nm, ( ) 015 0.1s iε ε= + , 0sµ µ= . Bounded local immediate background (i.e. 
the shell) parameters: radius, b=60 nm and 04bε ε= ; 0sµ µ= . 
Core
outF , in Newtons, at different 
illumination wavelengths λ obtained from Minkowski ST at r=a+ using the fields in the shell. Force  
Core
inF  based on the first kind GEL (GEL1) ST [Eq. (14)] at r=a- using core fields. F0 is the scaling 
factor: 
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0 5 10F
−= × N. This adequately described by Eq (19). (b) A core-shell sphere with b>>a, [b=8a] 
is embedded in air. Core radius a=50 nm, ( ) 015 0.1s iε ε= + , 0sµ µ= ; 04bε ε= and 0bµ µ= . Spectra 
of
Shell
outF calculated by the Maxwell ST at r=b+ using fields in air, and of 
Shell
inF  given by the EL ST, at 
r=b- with fields in the entire object. 
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0 2.23 10F
−= × N.  
Shell
inF   can be considered as the ‘force felt’ by 
the background (i.e. the large shell). 
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 S-0: Validity of Einstein-Laub's stress tensor for the interior of an object embedded in air:  
    To accomplishing our correction of Einstein-Laub (EL) theory in order to handle the complex interior 
dynamics of an embedded scatter, such as a heterogeneous background configuration, [see Fig.2 (a) in the 
main article], or a bounded background [see Fig.2 (b) in the main paper], we have first to establish the ST 
and force law associated to ‘kinetic systems’, i.e. inside bodies embedded in air or vacuum. Three forces 
and corresponding ST theories exist for a ‘kinetic system’ supporting the Abraham momentum density: 
those of Abraham, Chu, and EL [1]. We recall that Minkowski ST with fields inside a body embedded in 
air [cf. Fig. 1s (a)] only yields the conduction force [2] rather than the total one. Also, it is well known 
that the time averaged Abraham ST gives the same result as the Minkowski ST inside a non-absorbing 
homogeneous and isotropic object [2]. However, for a lossless particle, both Abraham ST and Minkowski 
ST lead to a zero force [cf. Supplement S1(c)].Hence, two STs would remain to be considered: Chu’s and 
EL’s. But since we cannot differentiate between them inside a body (like e.g. a slab embedded in air [3]), 
to unify and identify the particular limits of applicability of all ST theories we first consider a sufficiently 
general situation: that pertaining to the optical momentum transfer of a linearly polarized plane wave, 
with electric vector: ( )i kz txE e
ω−= , impinging an absorbing sphere embedded in air. In terms of only the EL 
ST it is indeed possible to calculate the total force from the interior wavefields of such an either 
moderately absorbing (defined in the main article, section IIIA) or gain generic object embedded in air 
without adding any hidden quantity [as depicted in Fig. 1s (a), (b) for a dielectric and magneto-dielectric 
sphere respectively, and also later in Supplement S4 (b), moderate absorption can be considered for these 
examples with the limit: ( / ) 10I bε ε ≤ , where bε  is the background permittivity]. All wavefields in this 
work are obtained by Mie calculations without any approximations.  
On the other hand, Nelson's ST [4], associated to the conventional Lorentz force, does not 
appropriately yield such interior force unless hidden quantities are added, [cf. Supplement S1 (b)], as 
demonstrated in Fig. 1s (b). Similarly, from Fig. 1s (b) we infer that Chu ST with fields inside the sphere 
only yields the kinetic force, but fails to provide its static part (also cf. [5]). In fact, when the permittivity, 
εs and permeability μs of a particle have moderate imaginary parts, its interior behaves as a ‘kinetic 
system’ actually constituting a “transparent Einstein box” [6] [see Eq (1) in the main article and Fig. 1s 
(a) and (b) in this supplement]. Hence, we herewith argue against the ad hoc addition of hidden quantities, 
and support the EL formulation for ‘kinetic systems’ [cf. supp. S1 (a-c)] for the time-averaged force: 
Kin system in in
Total EL ELd dv= ⋅∫ ∫F T s = f  
with the Einstein-Laub ST and force density: 
( )in * * * *EL in in in in 0 in in 0 in in1 1Re2 2 µ ε
 = + − ⋅ + ⋅  
T D E B H H H E E I , 
( ) ( ) ( )inEL in in 0 in 0 int t t
µ ε
∂ ∂
= ⋅∇ + ⋅∇ + × − ×
∂ ∂
P Mf P E M H H E . 
We remark that although the constitutive parameters of the embedded object are sε and sµ , in the above 
equations the permittivity and permeability are those of vacuum: 0ε and 0µ , respectively. We consider 
wavefields with time dependence: ( )exp i tω− .  
  
Fig.1s: Time-averaged forces, in Newtons, on a sphere with radius a=1000nm, illuminated by a linearly 
polarized plane wave: Ex= ( )i kz te ω− . The background is air and 1064λ = nm. outF is calculated by the 
Maxwell stress tensor  with outside fields by integrating it on r a+= . ELF is obtained from interior fields 
by integration of EL ST on the surface: r a−= [as depicted in Fig. 1 (a) main article]. (a) 016s Iiε ε ε= + , 
0sµ µ=  [2]; Fout and FEL match well, with only a maximum difference of 5% in the loss region, but 
Minkowski ST  evaluated in r a−=  yields only the conducting force FMink  [2] instead of the total force. 
(b) 07s Iiε ε ε= + , 03sµ µ= . EL ST in r a−=  matches with the outside force Fout; however, Nelson and Chu 
STs on r a−=  fail. These results support EL theory inside objects embedded in an air, or vacuum. All 
calculations contain SI units 0ε = 8.8541878 × 10-12 F/m and 0µ =1.256637 × 10-6 Н/m. 
 
S-1: Hidden quantities and previous stress tensors when the body is embedded in air: 
S-1(a). Chu stress tensor in the interior of an object: 
The Einstein-Laub (EL) force, Chu force and Chu stress tensor inside an object are:   
 ( ) ( ) ( )EL in in 0 in 0 in ,t t t
µ ε
∂ ∂
= ⋅∇ + ⋅∇ + × − ×
∂ ∂
P Mf P E M H H E      (1a) 
 ( ) ( ) ( )Chu in in 0 in 0 in .t t t
µ ε
∂ ∂
= − ∇ ⋅ − ∇ ⋅ + × − ×
∂ ∂
P Mf P E M H H E    (1b) 
                             iChu 0
n
0 0· ·
1
( )
2 oin in in in in in in in
ε µ µ ε= − ++T E E H H H H E E I                                                    (1c) 
The difference between the Chu and EL STs [1] stems from the normal components of the electric and 
magnetic fields on the body boundaries. Such a difference is only observed in the static part of the force 
[5]. For instance, a wavefield normally incident on a slab has no normal components of E and H, thus we 
cannot differentiate between Chu and EL STs inside this object [3]. However, according to Barnett et al. 
[5]:“The problem with fc, (i.e. the Chu force density), appears when we introduce the macroscopic 
polarization. Averaging P over a small volume to get P  is not a problem, but averaging the term 
( )Q t∇ ⋅ = −P  does not generally give ∇ ⋅ P .  By contrast, the force density df   (i.e. the EL force inside 
any dielectric body) does not contain any spatial derivatives of the microscopic polarization, and so the 
 averaging procedure can be applied safely. An analysis based on the universal form of the Lorentz force 
suggests, somewhat surprisingly, that the force density is df  rather than cf ”. To solve this problem for 
general cases, for example Kemp et al. write the static part (strictly on the surface, at r = a or at the 
interface) of the force in Chu’s formulation for a magneto-dielectric as [7]: 
{ } { }
averag
Chu * *
Static Surface
* *
0
e average
out in out in
out in out in
1 Re[ ]
2
ˆ ˆ                    ( ) ( ) ,
2 2o
e m e mρ
µ
ρ= = + = +
+ +   = − ⋅ + − ⋅   
   
f f f f E H
E E H HE E n H H n
 (2) 
where the bound electric and magnetic surface charge densities are [7]: { }out n0 i ˆ( )eρ ε= − ⋅E E n  and 
{ }out in ˆ( )m oρ µ= − ⋅H H n , respectively, nˆ being the unit normal to the object surface. ( )in in,E H and 
( )out out,E H  are the total fields inside and outside the body, respectively, and ( )average out in 2= +E E E  and 
( )average out in 2= +H H H . As the term: [ ( ) ( )in in− ∇ ⋅ − ∇ ⋅P E M H ] yields almost zero force in Chuf and does 
not contribute to the total force inside a continuous object, from Eq (1b) it can be concluded that: 
                                              
in
Chu kineticd dV⋅∫ ∫T S f  
                                             Where  ( )kinetic 0 0t t t
µ ε∂ ∂= × − ×
∂ ∂
P Mf H E                              (3a)                                  
So, Chu stress tensor shows the behavior that we have named as ‘existence domain’ in the main 
article.However, one may arrive the same final force calculated in equation (2) by employing: 
                                     out insurface Maxwell Chu ˆ[ ]= − ⋅F T T n    [Calculated exactly at r = a]       (3b)           
  
This happens due to the well known relation: Tdv dv= = ∇ ⋅∫ ∫F f . However, in Eq (3b): 
 ( )OutMaxwell 0 out out 0 out out 0 out out 0 out out
1
2
ε µ µ ε= + − ⋅ + ⋅T E E H H H H E E I   (3c) 
In equation (3c) outMaxwellT is the ST originally derived by Maxwell, accounting for the optical momentum 
transfer to the body from air or vacuum. For objects embedded in a material background Minkowski ST 
applies [8], and of course outMinkT  is 
out
MaxwellT when this background is air or vacuum. Equation (2) has been 
formulated (cf. Eq (3b)) considering that Chu's stress tensor yields only the kinetic part of the time 
averaged total force  inside the object, viz.: 
 in in inChu Kinetic Kinetic( )d dV⋅ =∫ ∫ T S f F      (4) 
In equation (4) the integration is performed inside a body on the surface r a−= , i.e. with interior fields. As 
a result, considering the equality of Eq (2) and (3b); and the relation: Eq (4), one may finally write: 
                            Chu out inHidden surface Total Kinetic= = −F F F F                            (5) 
 This is ultimately expressed as: 
 Intotal Kinetic surface= +F F F      (6) 
Nonetheless, equation (6) does not specify whether Ftotal is obtained independently from interior fields, or 
whether it only constitutes an artificial mechanism to get the total time averaged force by employing 
outside background fields. Using equations (5) and (6), one then obtains:  totalF [in equation (6)] 
=
outside
TotalF in equation (5)]. 
Thus the above calculations mean that Eq (2) constitutes an artificial procedure to obtain the correct total 
force from exterior fields by ad hoc addition of a ‘hidden quantity’ to the interior kinetic force. Hence, 
from those equations we cannot derive the total force on a body by only employing only the interior fields 
(i.e. Chu ST leads only the kinetic force part of the total force). Moreover, to reach a modified Chu 
formulation for a complex system like a magneto-dielectric object embedded in another magneto-
dielectric or dielectric background, Eq (2) has to be reformulated since then the known Chu’s stress tensor 
in Eq (1c) cannot lead to even the correct kinetic part of the force.  
S-1(b). Nelson stress tensor in the interior of an object: 
The law associated to Nelson stress tensor [4] is the conventional Lorentz force [4], which inside an 
object is written as [1, 4]: 
 ( ) ( ) ( )Nelson / Lorentz t t
∂
= − ∇ ⋅ × ∇ × ×
∂
Pf P E + B + M B      (7) 
 ( )1 1Nelson / Lorentz 0 0 0 012ε µ µ ε
− −= − ⋅ + ⋅T EE + BB B B E E I      (8) 
The difference between the EL ST and Nelson ST arises from the terms ⋅∇P and ∇⋅ P on taking the 
surface integral of equation (8) in the interior of a dielectric body. But for pure magnetic or magneto-
dielectric media, the difference is due to the ‘hidden momentum’ of Shockley [8]. Ultimately, the 
magnetic dipole inside matter is modelled as an Amperian current loop in the Nelson-Lorentz theory. This 
produces [9] the departure between EL and Nelson formulations. To correctly obtain the time-averaged 
force inside an embedded object with Lorentz-Nelson formulation, Shockley’s hidden momentum inside 
the particle, as well as the static electric force part given in equation (2), should be remodelled. 
S-1(c). Minkowski  ST and Abraham ST in the interior of an object: 
Inside an absorbing body embedded in air one writes for the Minkowski ST: 
( )in * * * *Mink in in in in in in in in1 1Re2 2
 = + − ⋅ + ⋅  
T D E B H B H D E I      (9) 
 ( ) * *Mink in in in in
1in Re
2c I I
ωε ωµ ∇⋅ = = = × − × T f f E B H D    (10) 
Hence, the internal Minkowski ST accounts only for the force felt by the conducting currents due to 
losses inside the object. In fact, the photon and carrier interaction in the body are considered in the 
Minkowski photon momentum pMink [2, 6]. Hence, the hidden quantity for the Minkowskian formulation 
inside the object is: 
    
Mink. in out in
Hidden Totalb c= = −F F F F      (11a) 
in
c c dV= ∫F f     (11b) 
In [2] bF (the bound force) is defined with the formalism that contains ∇⋅ P and ∇⋅ M , which should be 
modified by the terms ⋅∇P and ⋅∇M , resulting in a new force density and time-averaged bound force: 
 
     ( ) ( ) ( ) [ ] [ ]0 in 0 inin in 0 in 0 in
(Re ) (Re )
newb t t
ε ε µ µ
µ ε
∂ − ∂ −
= ⋅∇ + ⋅∇ + × − ×
∂ ∂
E H
f P E M H H E        (12) 
                                       ( )In newb b dv= ∫F f       (13) 
It is a well-known fact that the Abraham ST is just the symmetrical version of Minkowski ST. The 
Abraham ST also leads to the same force Fc as equation (11b), i.e. the conducting force [2] inside the 
particle. Note that this force, Fc means the ‘outside force’ [defined as the ‘transferred momentum’ in the 
main article section III.B.A] of the electrons embedded inside the object. However, when there are no 
losses or in other words: nothing is embedded inside the object ( 0I Iε µ= = ); both the internal Abraham 
ST and Minkowski ST yield zero forces in the interior of the object [cf.Eq(10)]. This can be well 
explained based on the ‘existence domain’ of Minkowski and Abraham ST. So, when 0I Iε µ= = , if we 
consider internal Abraham or Minkowski ST to yield the total force inside the object, the ‘total’ internal 
force should be calculated using the hidden force in Eq (13). Interestingly, Eq (13) is nothing but the EL 
force for a lossless object embedded in air or vacuum (also cf. Eq (1a)). 
 
    Considering all the above mentioned issues mentioned in supplement S0 and S1 (a) –(c), the 
formulation of our Generalized Einstein-Laub (GEL) equations starts from the EL ST and force to yield 
the total interior force of an embedded object without hidden quantities. In fact, for more omplex systems 
such as an arbitrary magneto-dielectric object embedded in a generic heterogeneous magneto-dielectric 
background, the situation of internal force calculation would become quite complex based on 
formulations other than the GEL equations proposed in this work.   
 
S2. A box embedded in a background medium: Failure of the Einstein-Balazs thought experiment  
        If a rectangular box with refractive index s ssn c ε µ=  is embedded in air or vacuum, the thought 
experiment of Einstein-Balazs can predict the appropriate internal photon momentum, i.e. pAbr (in), which 
leads to the appropriate internal stress tensor of Einstein-Laub to obtain the total force on a scatterer 
excluding hidden quantities. But if the background is non-vacuum, but has a refractive index b bbn c ε µ= , 
does any thought experiment of Einstein-Balazs type predict the appropriate photon momentum inside the 
box?. The interior dynamics of such an embedded box (i.e. any macroscopic object embedded in another 
material background) has been defined as the ‘generalized Einstein Laub (GEL) system of first kind’ in 
the main paper. Although the tangential component of the photon momentum is coserved across the 
boundary, (at the interfaces of two different media, the tangential component of the photon momentum 
always arises as pMink, and Snell’s law also supports this fact), we investigate in this section the normal 
 component of the photon mmomentum and its involvement in the optical force. Although the transfer of 
both pAbr (out) and pMink (out) from the background have been predicted for microscopic objects [10], 
what happens in the interior of an embedded macroscopic object considering both the transfer of pAbr (out) 
and  pMink (out) is the ultimate goal of this section.  
S-2 (a). Case-1: Transfer of Abraham's photon momentum from the background             
If Abraham's stress tensor is applied to determine the transfer of momentum from the background to an 
embedded macroscopic object, (i.e. the ‘outside force’ defined in the main paper), both the Minkowski ST 
and Abraham ST predict the same total ‘outside force’. But no approach that directly measures the 
transfer of photon momentum from the background to an embedded object [11-14] reveals pAbr (out) as 
the transferred photon momentum. However, based on the microscopic formula of the ‘outside force’ [10] 
(which behaves like the Abraham force law for the macroscopic objects), the transfer of pAbr (out) has 
been predicted in [10]. If we consider pAbr (out) as the transferred momentum for an embedded 
macroscopic object, the momentum conservation of an Einstein-Balazs box of length L and mass M is 
expressed by that of the kinetic momentum [15]: 
                                       Kinetic Kineticbox box box Photon Photon(out) (in),M= ⋅ = −p V p p                                                 (14) 
In equation (14)  p represents ‘momentum’. 
         ( ) ( )Kinetic Kineticbox box box ,b sM m n m n= ⋅ = −p V c c     (15) 
where  2m E c= is the mass associated to the photon [15].  Now, we can write: 
Kinetic
box
box
1
b s
m m
M n n t
  ∆
= − =  ∆ 
c c zV    (16) 
2,  
s
Lt E mc
c n
ω∆ = = =   
( )Kinetic 1box 2 1 ,s bt n nMc
ω −∆ = ⋅ ∆ = −
 Lz V      (17) 
                                                                 ( )kinetic 1 1box box b sM n nt c
ω − −∆= ⋅ = −
∆
zp                      (18) 
Thus from Eq (14) and considering Photon Abr(out) (out)=p p , the internal photon momentum is revealed as: 
                                                               ( )photon Abr(in) in=p p                                                                   (19) 
  Thus, if pAbr (out) is considered as the transferred momentum to an embedded macroscopic object, the 
internal momentum of the embedded box is revealed as pAbr (in). But according to Eq (18), if nb>ns, the 
embedded box will be pulled due to simple plane wave illumination, which has not been observed in any 
experiment. Moreover, any internal ST, that supports pAbr (in) (i.e. the Einstein-Laub and Chu ST), does 
not lead to the internal correct time avergaed total force on an embedded macroscopic object. As a result, 
Eq (17) may not represent the actual displacement of the box, and hence Eq (18) may not be a valid result. 
 
S-2 (b).Case-2: Transfer of Minkowski photon momentum from the background 
         If it is considered that the transferred photon momentum to an embedded macroscopic object (i.e. 
 an embedded Einstein-Balazs box) from the background is the one of Minkowski [11-14], from Eq (14) 
we can write the total momentum conservation as: 
                                                      ( ) ( )box box box med[ (out)] ,b sM m n m n= ⋅ = + −p V c p c                                 (20) 
Note that to differentiate the mechanical momentum and the velocity of the embedded Einstein-Balazs 
box, the notations are different in Eq (14) and in Eq (20). However, in Eq (20), we have used 
( ) med Mink Photon[ (out)] (out) (out)bm c n p p p+ = =  according to our note [46] and [47] in the main paper. 
So, from Eq (20), we can write: 
                                                    box med
box box
1 1 (out)
b s
m m
M n n M
 
= − + 
 
c cV p                                              (21) 
Now, using the definition: ( ) ( )
1
med out b bn n cω
−= − p  in Eq (21) (cf. the main paper) and 2E mc ω= =  , 
we can write: 
                                                ( )Box box box(in) 1 ( / )b s sM n n n cω= ⋅ = − p V                                               (22) 
And employing Eq (22) and Mink Photon(out) (out) ( / )bn cω= = p p  in Eq (14), the internal photon 
momentum is revealed as:  
                                                             ( )photon Abr(in) in=p p                                                               (23) 
       According to Eq (22), the embedded Einstein-Balazs box does not experience the pulling force from 
the incident light, and the velocity of photons inside the box is c/ns. Although this result seems more 
accurate than the previous case in Supplement S2 (a), no stress tensor nor force density formula related 
with the Abraham photon momentum leads to the correct interior force on an embedded object. This is the 
reason why we need a more rigorous formulation to attain any final conclusion regarding the internal 
photon momentum of an embedded Einstein-Balazs box, or in more complex situations. This is done in 
the next section. Another important question is why ( )Abr inp  appears as the fixed photon momentum 
inside the embedded Einstein-Balazs box irrespective of the transferred photon momentum from the 
background (cf.also our note [16] below). This is also addressed in the next section. 
 
S3. The interior photon momentum of a 'generalized Einstein Laub (GEL) system’ and the 
derivation of the Generalized Einstein-Laub (GEL) force:   
         In Supplement S2 we have shown that the Einstein-Balaz’s type thought experiment may not lead to 
the appropriate internal photon momentum of an embedded object (that is defined as 'generalized Einstein 
Laub system of first kind’ in the main paper). On the other hand, the arguments in favor of non-relativistic 
Doppler-shift effects [12, 15] always lead to the transfer of photon momentum from the background to an 
embedded object, rather than to the internal photon momentum of any embedded object. In this section, 
rather than following the thought experiment, we argue on the internal photon momentum of a 
‘generalized Einstein Laub system’ (defined at the beginning in section III. C in the main paper) based on 
 the more rigorous approach of the linear momentum conservation equation: Total T
t t
∂ ∂
∇ ⋅ +=
∂
=
∂
fp G . 
Here Totalp  is the total momentum of the system. Note that the ‘generalized Einstein Laub system’ covers 
several cases where the internal photon momentum of a generic object is not the one of Abraham. Those 
cases are: (i) generalized Einstein Laub system of first kind: the internal dynamics of an object embedded 
in another material background, (ii) generalized Einstein Laub system of second kind: the internal 
dynamics of a highly absorbing object embedded in simple air or vacuum background, (iii) generalized 
Einstein Laub system of third kind: the internal dynamics of a chiral object embedded in another material 
background. Note that a ‘kinetic system’ is only a special case of a ‘generalized Einstein Laub system’. 
S3 (a). Transitional Generalized Einstein-Laub equations  
         Since we are not dealing with a ‘kinetic system’, inside the embedded Einstein-Balazs box the EL 
equations should be modified. To do so, we first write the relationship between the internal Minkowski 
ST and the  EL ST in terms of the internal fields inE , inH , polarization Pin and magnetization Min: 
 ( )in inEL Min in in in in
1
2
= + ⋅ + ⋅T T M H P E I      (24a) 
The field momentum density being that of Abraham, viz.: 
 [ ] [ ]EL Abr in in in in(in) (in)= = − × −G G D P B M      (24b) 
When the embedding background is a magneto-dielectric medium instead of air, the conventional vectors 
P and M  inside the particle should be replaced by what we call effective polarization EffP and 
magnetization EffM , respectively (see Section III.C.a of the main paper). Thus, we put forward a more 
universal form of the EL ST, equation (24a), by expressing it inside any material object in terms of the 
effective vectors EffP  and EffM , (cf. Eqs (7a) and (7b) in the main paper). This is our generalized Einstein-
Laub (GEL) ST: 
 ( )in inGEL Minkowski Eff in Eff in
1
2
= + ⋅ + ⋅T T M H P E I     (25a) 
Which can be written for any generic object as: 
                                  ( )GEL in in in in Eff in in Eff in in
1
2
µ ε= + − ⋅ + ⋅T D E B H H H E E I                   (25b)          
We now address the continuity of the instantaneous momentum. We obtain from equation (25b): 
   ( ) ( ) ( ) ( )GEL Eff Eff Eff Effε µ∇ ⋅ = ⋅∇ ⋅∇ − × ∇× − × ∇×T P E + M H E E H H    (26) 
Similar to equation (24b), we write the GEL momentum density inside an object:   
                                           TransitionGEL in Eff in EffG (in) [ ] [ ]= − × −D P B M                                                               (27a) 
However the non-mechanical momentum density that appears in Eq (27a) is not the definitive form of this 
quantity. For a ‘generalized Einstein Laub system’, defined previously, Eq (27a) is applicable inside any 
generic object to calculate a transitional part of the time-averaged total final force. For this reason, we 
have introduced the term ‘transition’. The only significance of Eq (27a) is that if the background is air or 
 vacuum, this momentum density exactly matches with the Abraham momentum density inside any 
scatterer with no or moderate absorption. However, in order to match the continuity equation for an 
embedded body, we get from Eq (27a) and from Eqs (7a) and (7b) of the main paper that: 
 
  ( ) ( ) ( )ElectromagTransition Transition 2 2GEL E in in in in in inff Eff Material Eff EffG (in ][) 1 / /c cε µ µε=× = × + ×= − G GE H E H E H+           (27b)  
    
To investigate the physical meaning of equation (27b), we have splitted it into two parts. In terms of the 
photon momentum, equation (27b) can be written as:   
                                                     ( )Transition TransitionNon-Mech. Material Abrin (in) (in)= +p p p                                                     (27c) 
Here ( )Transition TransitionNon-Mech. GELin G (in)dv= ∫p  and Abr Abrdv= ∫p G . TransitionMaterial (in)p  is defined as the material induced  
momentum. The transitional mathematical expression (but not the effective mathemtical expression) of 
Transition
Material (in)p  in Eq (27c) can be written as: ( )Transition Transition 2Material Material Eff Eff Abr(in) (in) 1 (in)dv c ε µ= = −∫Gp p . The 
non-mechanical momentum ( )Non-Mech. inp of the ‘generalized Einstein Laub system’ in Eq (27c) is neither 
the one of Abraham nor of Minkowski. The importance of Eq (27c) is seen as we show that the variation 
of the magnitude of the non-mechanical momentum occurs inside any generic object due to the variation 
of the magnitude of the material induced momentum part in Eq (27c), though the mathematical form of 
Abr (in)p  should always remain the smae. This ‘magnitude variation’ is expressed as 
                         ( )2Material Material Eff Eff Abr(in) (in) 1 (in) Additional termdv c ε µ= = − +∫p G p                       (27d) 
The ‘Additional term’ in Eq (27d) is characterized in the next section, [Eq (30c)]. According to Eq (27c), 
due to the variation of the ‘material induced momentum’, the mechanical momentum of a generic 
scatterer may also vary. The question is how to account for such variations of the mechanical momenta of 
the generic scatterer in the ultimate force law. This is next addressed based on the time-average force law 
[17] rather than on the time-varying optical force equation.    
S3 (b). Effective Generalized Einstein-Laub Equations  
          To determine the final form of the total force
Transition
GEL GEL Correction term= +f f , at first we have 
to determine that transitional part, TransitionGELf , of the total force from Eq (27b). To do so, we address 
Maxwell’s equations inside any generic object:  
Eff Eff
in in Eff Eff,   ,   0,  0t t
∂ ∂
∇ × = − ∇ × = ∇ ⋅ = ∇ ⋅ =
∂ ∂
B D D BE H    (28) 
Using equations (7a), (7b) of the main paper and (26), (27b) and (28) of this Supplement, we arrive at the 
following transitional GEL force density: 
Transition Eff Eff
GEL Eff in Eff in Eff in Eff in( ) ( ) t t
µ ε
∂ ∂
= ⋅∇ + ⋅∇ + × − ×
∂ ∂
P Mf P E M H H E    (29)  
   For the ‘generalized Einstein Laub system’, Eq (29) represents only the transitional part of the total 
force. We verify in Supplement S4 (a) that for a magneto-dieletric slab embedded in another magneto-
 dielectric, Eq (29) does not lead to a correct total internal force, although the ST equation (25b) remains 
valid for this case. Even for a dieletric object embedded in another dielectric [cf. curve C in Figs.1 and 2 
in [18] where a special form of our forthcoming Eq (30a) predicts the correct result with Eff bε ε= ], or on 
the interface between two dielectrics [11], [where our Eq (25b) predicts the correct result with Eff bε ε=  
and Eff bµ µ= ], Eq (29) does not lead to the correct result. The only significance of Eq (29) is that if the 
background is air or vacuum, this force law exactly matches with the Einstein-Laub force inside any 
scatterer with no  or moderate absorption.                                          
    The physical effect of the variation of mathematical expressions (i.e. magnitudes) of both the 
mechanical and non-mechanical momenta of a whole system, can be accounted in the force law in this 
way: due to the variation of Material (in)p , the conventional vectors P and M inside the object are modified 
to P Eff and M Eff. Henceforth, P Eff and MEff  act as effective, or functional, sources and induce the currents 
ElectricJ Eff= t∂ ∂P  and MagneticJ Eff t= ∂M ,  respectively. These P Eff and MEff  start to interact with the newly 
induced currents MagneticJ  and ElectricJ  respectively inside any generic object. Hence, we introduce an 
additive Correction term: Eff Eff( ) t∂ × ∂P M  as written in Eq (29). This term should be substracted from 
the TransitionGEL (in)G defined in Eq (27a) to maintain the rate of change of total momentum fixed, (see the 
argument in note [19] below).   
         The ‘additional part’ of the total force due to the Correction term Eff Eff( ) t∂ × ∂P M  can be 
considered as an ultimate effect of the non-mechanical momentum that turns into a ‘mechanical 
momentum’ inside the embedded Einstein-Balazs box. Hence the final time-averaged force acts on the 
object by interaction between ElectricJ and B [17, 20], and between MagneticJ and D [17]. Thus, introducing 
equations (7a) and (7b) of the main paper into equation (29) above, taking time-averages, and taking real 
parts, we finally obtain the GEL time-averaged force GEL〈 〉f (cf. Eq (10a) of the main paper):  
 ( ) ( ) ( ) ( )* * * *GEL Eff in Eff in Eff in Eff in1 Re2 i iω ω = ⋅∇ + ⋅∇ − × + × f P E M H P B M D   (30a) 
where inB and inD should be written as insµ H and insε E , respectively, rather than splitting them into field 
and material parts. Hence, the goal of our formulation without considering the background fields is 
completed. Also note that the ST in Eq (25b), which is connected with the total 
momentum Total T
t t
 
= =
∂ ∂
∇ ⋅ ∂ 
+
∂
p Gf , remains in the same form of Eq (25b) at any instant. So, 
considering the loss of the Eff Eff( ) t∂ × ∂P M  term from the non-mechanical momentum density, the 
effective, or functional, non-mechanical momentum density should be expressed from Eq (27b) as:  
 
  ( )Material ElectromagGEL Eff Eff Eff Eff Eff Ein in if nf in( )( )(in) [ ( )] s s s sε µ µεµ µε ε= × = × + −  − = ×G G G+ P ME H E H .       (30b)    
 
          The material and electromagnetic part of GEL (in)G  can be recognized respectively as: 
Material Eff Ef
2
inf in( 1 / )( )s s s s cµε µ µε ε= − − ×−G E H  and ( )Electromag Abr in 2in / c×= =G G E H . The time average 
 of this non-mechanical momentum density GEL (in)G is zero, as it should be. However, the most interesting 
fact is that the time-averaged force equation (30a) is applicable irrespective of the non-mechanical 
momentum density expression (if the appropriate EffP and EffM  are recognized for different systems). 
Now, Eq (27c) should be expressed as (cf. also Eq (27d):                                                    
                                                  ( )Non-Mech. Material Abrin (in) (in)= +p p p                                                      (30c)                                                  
Material (in)p  is the effective material induced momentum which, using Eq (30b), should  finally be 
expressed as: ( )Material Eff Eff Eff2 n in Effi/(in) [( 1 ) ( )]dvcε µ × −= − ×∫p P ME H . 
       So, in the ‘generalized Einstein Laub system’, though the pure electromagnetic part of that non-
mechanical photon momentum always maintains a fixed mathematical expression for Abr (in)p , the 
expression (i.e.magnitude) of the material induced momentum part [which is attributed to total photon 
momentum, cf. Eq (27c) and (30c)] of the non-mechanical momentum varies due to the different 
appropriate values of Effε and Effµ in different systems such as: GEL system of 1st, 2nd and 3rd kind 
(defined previously); and also kinetic system .These different values have been made clear in the main 
paper and also in  Supplements S4 (a)-(d). In consequence, the mechanical momentum of a generic 
scatterer also varies for different systems and hence the governing equation of the total momentum 
conservation should be expressed by a generalized symbolic equation as: 
                                           ( ) ( )medTotal Mechanical Non-Mech.in in= +p p p .                                                 (30d)                                                                                                  
Where ( )medMechanical inp  and ( )Non-Mech. inp are respectively the mechanical momentum of the generic scatterer 
and the non-mechanical photon momentum inside the scatterer. According to Eq (30d), although the total 
momentum of the whole system is constant, the electromagnetic and mechanical momenta may take 
different values even for a single system [19] (and obviously different values for different systems, 
as Effε and Effµ take on different values for different systems). An example of such cases is the internal 
dynamics of the embedded Einstein-Balazs box (generalized Einstein Laub system of first kind), which is 
dicussed in short in our note [21] below and in Supplement S4 (a), (b) and (c). On the other hand, the 
‘generalized Einstein Laub system of second kind’ is discussed in supplement S4 (d). 
         It should be noticed that in Ref. [22] below it is stated: “We conclude by noting that a number of 
further momenta have been proposed, with the aim of resolving the Abraham-Minkowski dilemma [2]. By 
demonstrating the need for two ‘‘correct’’ momenta and associating these, unambiguously, with the 
Abraham and Minkowski forms, we may hope that we have also removed the need for further rival 
forms.”  
         But according to our analysis, though the measurment of the transferred photon momentum can be 
considered to yield the one of Minkowski for different cases, the determination of the total internal force 
(or force distribution) in different systems may lead to different forms of non-mechanical momenta other 
than the one of Abraham. This is why we have introduced the concept: ‘generalized Einstein Laub 
system’; and our generalized Einstein-Laub equations should lead to the appropriate total interior force if 
the appropriate EffP and EffM  are recognized in each case. 
 
S-4. Rigorous verifications supporting our Generalized Einstein-Laub theory and establishing the 
limit of ‘moderate loss’: 
           In Supplement S0 we have stated that if and only if one measures the total internal force (or force 
distribution) on an object with no or moderate absorption, embedded in air or vacuum, Abraham photon 
momentum emerges as the appropriate electromagnetic momentum. However, there are several other 
cases where such measurements do not lead to this momentum. In this section, we show several such 
examples, which support our generalized Einstein-Laub theory and the concept of generalized Einstein 
Laub system proposed in supplement S-3 b. The generalized Einstein Laub system of first kind (see Fig. 
1(c) of the main paper) is dicussed in sub-sections S-4 (a), (b) and (c). The ‘generalized Einstein Laub 
system of second kind’ is addressed in sub-section S-4 d. We stress here that the Generalized Einstein-
Laub equations are named as the 'first kind generalized Einstein-Laub (‘GEL1') equations’ for 
‘generalized Einstein Laub systems of first kind’ in the main paper. On the other hand, the GEL equations 
are named as the 'second kind generalized Einstein-Laub (‘GEL2') equations’ for ‘generalized Einstein 
Laub systems of second kind’ 
S-4(a). Slab embedded in a dielectric or magneto-dielectric background: 
As an illustration, for a lossless magneto-dielectric slab of sides at z=0 and z=d, embedded in a magneto-
dielectric medium, illuminated at normal incidence by a linearly polarized plane wave propagating along 
the z direction with time harmonic dependence: ( )i kz te ω− , the time-averaged force obtained from either 
fields inside the slab via our GEL1 ST Eq (14) in the main  paper, or our time-averaged force (cf. Eq (17) 
in the main  paper), is the same, [with Eff bε ε= and Eff bµ µ= in Eqs (25b) and (30a)]: 
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Where  ( )EmbeddedTotal inF  is the force in per unit area. Here:  
( ) [ ]
[ ] ( ) [ ]
2 2
2
22 2
sin( )
4( ) cos( ) 1 sin( )
1
b s
s b
s
s s
sb
s b
sb
s b
k d
k d k dµµ
µ
µ
µ
µ
=
+ +
−
R






    (31b) 
( )
( )
0
0
0
0
0
b b
s s
b
jk z jk z
jk z jk z
x
jk z
e R e z
ae be z d
T e z d
−
−
 + ⋅ >
= + < <

⋅ <
E
E E
E
 
2 2 1+ =T R  
R and T denote the reflection and transmission coefficients of the slab, while a and b are constants 
determined from the boundary conditions. The most important observation here is that if we calculate the 
time-averaged force using equation (29) of this Supplement, it does not match with the GEL1 ST 
calculation, Eq (14) in the main paper. A similar but not identical observation has been recently reported 
by Kemp et al. [17] to distinguish between time-dependent and the time-averaged forces. It appears that 
indeed the time-averaged force acts on the particle by interaction between ElectricJ and B ,[17,20], and 
between MagneticJ and D [17], respectively. 
      Another important issue is to verify the agreement of the total interior GEL1 force with that from the 
 external Minkowski ST. To simplify, let us consider 0s bµ µ µ= = in the above calculations. In [23], based 
on the Minkowski ST approach, it has been shown that the total time-averaged external force for a 
lossless slab is ( ) ( )2 2Embedded 21Total 02out 1bε= + −F E R T , which exactly matches with our internal GEL1 ST 
and time-averaged force result given in equation (31a). However, this force can also be calculated on 
using a direct approach based on the external photon momentum. For example, we can consider a beam 
normally incident on the dielectric slab embedded in another dielectric. It has a photon flux iN S ω=  , 
where the time-averaged Poynting vector is: 
21
0 02 bS Eε µ= ; being the momentum flux 
[24]: i i iN kτ =  . The reflected beam will have a momentum r r rN kτ =  , where
2
r iN N= R . The transmitted 
(emitted) beam with Nt photons has a momentum flux  t t tN kτ =  , where 
2
t iN N= T . The total force per 
unit area applied to the dielectric then is: 
 ( )EmbeddedTotal out i r t i i r r t tN k N k N kτ τ τ= + − = + −  F      (31c) 
Hence, using iN , the result exactly matches with equation (31a). Equation (31c) is the fundamental 
equation of the interfacial tractor beam (ITB) concept. If the background of the input interface of the slab 
is air and that of the output interface is water, then only within the Minkowskian approach one will have:  
    it rτ τ τ> +        (32) 
which according to equation (31c) will cause an optical pulling on the slab. A recent interfacial tractor 
beam experiment supports this fact [11,14]. For a simple bi-background case like [11] and [14], the 
2T  
value for the bi-background can be lower than the case of the  
2T  value for the single air background. 
Hence the only way to consider the pulling effect is attributing pMink (out) in Eq (31c) [instead of pAbr 
(out)] for the momentum transfer from the background. It is important to note that the conventional 
Einstein-Balazs' thought experiment cannot explain ITB effect [14]. By contrast, the latter is succes sfully 
addressed by our generalized EL theory in supplementt S3, [cf. also main paper and Supplement S4 (c)].  
S-4(b). Gain particle embedded in air or in a magneto-dielectric background: 
 
     Figure 2s: Illustration of optical momentum transfer from an incident plane wave with electric vector 
Ex= ( )i kz te ω−  to a gain sphere with 1000a = nm, 015s Iiε ε ε= − , 0sµ µ= ; 1064λ = nm. (a) Air background. 
Time-averaged forces: outF  in Newtons, calculated using the Maxwell ST, equation (3b), on the sphere 
 surface r=a+ using exterior fields, and inF based on the EL ST on the surface r a−= using interior fields. 
(b) Magneto-dielectric background: 04bε ε= , 02bµ µ= . Time-averaged forces: outF  calculated using 
Minkowski ST on the surface r a+= with exterior fields, and inF based on GEL1 ST at the surface r a−=  
using interior fields.       
        Fig. 2s shows that the time averaged force obtained from the EL ST with fields inside a gain particle 
embedded in air, matches with that calculated from the outside fields with the Maxwell ST, Eq.(3b) only 
upto the moderate loss limit: ( / ) 10I bε ε ≤ , which matches with the previously defined limit shown in Fig. 
1s (a), (b). On the other hand, if the background is magneto-dielectric still the time-averaged force from 
the GEL1 ST with the inner fields matches with that obtained via the Minkowski ST with the background 
wavefields. It is a little bit surprising that even after crossing the approximate moderate loss 
limit: ( / ) 10I bε ε ≤ , the ‘outside force’ by Minkowski ST matches with the internal force by GEL1 ST. 
S-4(c). Object embedded in a heterogeneous background: 
 The success of the GEL1 formulation and the generalized Einstein-Laub theory are also seen in 
connection with Fig. 3(b) of the main paper. The object under consideration is a magneto-dielectric 
infinite cylinder with radius a=2000 nm. 25% of the object is submerged in each of the four magneto-
dielectric backgrounds (cf. Fig. 3s). Thus the background is now heterogeneous. The GEL1 ST should be 
employed in regions 1, 2, 3 and 4 inside the embedded object (by employing only interior fields), but with 
four different permittivities and permeabilities of the local, or inmediate, backgrounds corresponding to 
those four different interior regions (cf. Eq (14) in the main  paper). These complex situations have been 
successfully handled by our 2D full wave simulation, and the results have been shown in Fig. 3(b) of the 
main paper. It is important to note that the interior force dynamics of the embedded scatterer in such a 
heterogeneous medium is indeed not only dependent on the refractive index of the first and the last 
medium, (which is the fourth medium in Fig. 3s). Rather all the immediate background media are 
contributing, which has effects in the interior dynamics, i.e. in the ‘force felt’ by the scatterer.     
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Figure 3s: Schematics of the force exerted on a magneto-dielectric infinite cylinder when light (a plane 
wave) is scattered in four different magneto-dielectric backgground media. θ1 and θ2 stand for the angles 
of incidence and refraction with the x-axis. The incident plane wave is linearly polarized and its angle of 
incidence θ1 varies from 0 to π, considering it positive with the negative x-axis, (cf. the results of Fig. 3(b) 
in the main paper).                             
         Interestingly, while the momentum pAbr (out) with exterior fields leads to a pushing scattering force,  
 pMink (out) (which is the ‘field’ plus ‘mechanical’ momentum) predicts a negative scattering force with 
only 8% inaccuracy with respect to the recent experiments on a bi-background reported in [14]. But an 
inherent problem of the set-up in [11] or [14] is that the first medium is air and the last medium is water. 
Hence the effect of Pmed(out) is noticeable only in the last medium, which should always lead to a pulling 
force [11]. But the idea presented here for the heterogeneous background, i.e. the effect of Pmed(out),  is 
noticeable for all the four backgrounds. Even if the shape of the scatterer were not a sphere (not shown in 
this paper), still for the inside force calculation on using the GEL1 ST, the parameters of all the four 
backgrounds should be considered. As a result, some situations may arise where a ray tracing method 
[11,14] that may lead to incorrect results while force calculations based on the time-averaged STs (i.e., 
Minkowski ST from outside and GEL1 ST from inside) remain a general procedure to predict the correct 
pushing, or pulling, effect on a generic object, (i.e.either  a Rayleigh, dipole,  Mie,  or  more complex than 
Mie, object). 
     Undoubtedly, the internal EL ST or any other force that supports pAbr (in) does not account for the 
effect of the four backgrounds and they do not lead to the total internal force of an object embedded in a 
heterogeneous background. As a result, the ST, force and non-mechanical momentum density presented in 
supplement S3 (b) (e.g.the generalized Einstein-Laub theory) should be considered as more general 
formulations than the Einstein-Laub ST, force and Abraham momentum density.In addition, Eqs. (31c) 
and (32) also explain why pAbr (out) should not be employed in the backgrounds of Fig. 3s for analyzing 
the momentum transfer from the backgound into the object, [see also our discussion in the last part of 
Supplement S4 (b)]. So, our final conclusion: two fully different dynamics are involved for transferred 
momentum (i.e. Minkowski’s equations) and delivered momentum (i.e. GEL1 equations) respectively, 
which can be explained successfully by our proposal of ‘existence domain’ of STs and photon momenta. 
 
S-4(d). Generalized Einstein-Laub system of second kind: Highly absorbing objects embedded in air 
[Before the beginning of this sub-section, it should be noted that we have verified our forthcoming 
conclusions regarding highly absorbing objects (embedded in air) for several other cases not shown here 
for brevity. The conclusions drawn here remain valid for all those instances, too. Fig. 4s is only a model 
example among them to introduce the concepts connected with Eqs (22a)-(22c) in the main paper.] 
     In Fig-1s (a) and (b) of Supplement S0, we see that for a dielectric or magneto-dielectric object, the EL 
force associated with Abr (in)p  matches with the force found by the exterior Maxwell ST only up to 
moderate losses (approximately: ( / ) 10I bε ε ≤ ; 0here bε ε= ). But in Fig.4s we have considered force (both 
the external and internal) on a highly absorbing magneto-dielectric object [i.e. that crosses beyond the 
moderate loss limit (i.e. with ( / ) 10I bε ε > )] embedded in air or vacuum. Its internal force is calculated 
based on the GEL2 ST, Eq (23), of the main paper. In Fig.4s we observe that only when the internal 
abosrption of an extremely lossy scatterer (i.e. approximately with 4( / ) 10I bε ε ≥  for this example) 
crosses the abosrption range: 410 ( / ) 10I bε ε< <  the internal force calculated from the GEL2 ST is in 
good agreement with the external force calculated by external Maxwell ST, (cf. Eq (3b) in this 
Supplement). The interior of such an extremely abosrbing object is an example of ‘GEL system’, defined 
as ‘GEL system of 2nd kind’ in the main paper. So, the question is: what happens in the intermediate 
abosrption range ( 410 ( / ) 10I bε ε< <  ) between moderate and extreme absorption?  
  
Figure 4s: Illustration of optical momentum transfer from a plane polarized incident plane wave at 
1064λ = nm with electric vector ( )i kz txE e
ω−=  to a highly absorbing magneto-dielectric sphere with radius 
1000a = nm, 07s Iiε ε ε= + , 03sµ µ=  embedded in air or vacuum. The time-averaged force outside outF (in 
Newtons) is calculated by the Minkowski (i.e. Maxwell's) ST, Eq. (3b), on the surface r=a+ using exterior 
fields. The force Fin based on the ‘GEL2 ST’ (cf. Eq (23) in the main paper), obtained on the surface 
0.999999r a a−−= =  (i.e.extremely close to the object boundary) with interior fields, applies only for 
extreme losses, where it matches with the force correctly given by Maxwell ST with exterior fields. The 
Minkowski ST with interior fields (black full line) does not match with the external Maxwell ST. The 
difference is contained in bF , (cf. ref. [2] and also Eqs (11a) and (13) in supplement S1(c)]. 
 
        As shown in Fig.4s, in the range 410 ( / ) 10I bε ε< < , in order to determine the final form of the 
internal Generalized EL ST that supports Eq (9b) of the main paper, the appropriate Effε  [cf. Eq (8b) in 
the main  paper] cannot be attributed to certain constitutive parameter values (also cf. Eqs (22a)- (22c) of 
the main  paper). In fact, there is no known ST which yields the total internal force within this absorption 
range. When 410 ( / ) 10I bε ε< < , only the  internal kinetic force on a scatterer (embedded in air) can be 
calculated by employing Chu ST inside the object. The static or surface force part,  
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which arises on the boundary of the scatterer (i.e. at r = a) is a hidden quantity. We have discusssed this 
fact in detail in supplement S1 (a), [see also Eq (2) in this Supplement]. The only way that we have found 
to calculate the total volume force is to add that hidden quantity of the Chu force manually with the 
aformentioned internal kinetic force part. But then the question arises: why beyond that specific range 
410 ( / ) 10I bε ε< <  the total internal force can be calculated from the GEL2 ST, (cf. Eq (23) in the main 
paper), without any manual addition of a hidden quantity? 
      The reason can be understood from the volume force density equation, (Eq (24) in the main paper). 
For an extremely absorbing dielectric: the GEL2 force equation can be written as:  
 ( ) ( ) ( ) ( )* * * *GEL2 Eff in Eff in in in in in1 1Re Re2 2 I Ii i i iω ε ω ε   = ⋅∇ − × = ⋅∇ − ×   f P E P B E E E B . So, the value of 
( )Eff Eff inSε ε= −P E  fixes at inIiε E  beyond the interval  410 ( / ) 10I bε ε< <  of absorption (a plausible 
and simple explanation is that: as Re s Iε ε    , Re sε   does not contribute in the EffP  specifically in the 
extreme loss range). As a result, the value of Effε  can be recognized as Re sε    , (cf. Eq (22b) in the main  
paper) in the cases of extreme absorption when one determines the final form of the  GEL ST,  (i.e. the 
GEL2 ST). 
      However within the absorption range: 410 ( / ) 10I bε ε< < , the surface force Surfacef  acts on the 
boundary of the scatterer due to the significant influence of  both outE and inE  on the surface bound 
charges: averageeρ E or ( ) average.− ∇ P E  [25]. Notice that averageE  contains both the outE  and inE . In 
consequence, the static force ( )Eff in⋅∇P E  , based on the dipole model [26] rather than on the surface 
bound charge model [25, 26],  in the GEL force equation is no longer valid. Such domination of the 
surface force may also arise in some other unusual situations such as: (i) due to induced whispering 
gallery modes on the surface of scatterers [27], (ii) due to internal inhomogenity of the scatterers [25], 
(iii) due to the multiple scattering effects [28]. In such situations the term  ( ) in⋅∇P E  (or ( )Eff in⋅∇P E ) in 
the EL (or GEL) equations, and hence the internal ST of Einstein-Laub (or GEL) does not remain valid. 
More elaborately, we cannot determine any fixed value for Effε  from the relation: ( )Eff Eff inSε ε= −P E  in 
such cases. Hence, it becomes impossible to determine the final form of the GEL ST, (which is a function 
of Effε ), to determine the total internal force excluding a hidden momentum. In such situations, we do not 
find other way except employing the hidden force ( Surfacef ) of Chu to get the total force (internal kinetic 
force plus surface force) of an object embedded in air. 
        However, beyond  the intermediate absorption range( 410 ( / ) 10I bε ε< < ), the dominating surface 
force, that accounts for the effect of both outE and inE , almost vanishes, as the total force distributes fully 
with inE   and inH  due to the kinetic force ( ) ( )* *GEL Eff in Eff in1 Re2 i iω ω = − × + × f P B M D caused by the 
conduction currents inside the scatterer [2]. Hence, only for an extremely absorbing object, (i.e. with 
4( / ) 10I bε ε ≥ ), it is possible to determine the total internal force excluding hidden quantities by 
employing our GEL2 ST, Eq (23) of the main  paper.  
        Now we return to a different discussion topic:  the appropriate photon momentum inside such a 
highly absorbing scatterer embedded in air or vacuum. Conventionally, the photon interaction with 
carriers (i.e. electrons) is considered associated to the Minkowski photon momentum [6]. But Fig.4s 
shows that when high losses (i.e. approximately with ( / ) 10I bε ε > ) occur in a magneto-dielectric object 
rather than in a dielectric [2,6], the force Fc [2] obtained from the internal Minkowski ST (i.e.with interior 
wavefields) largely departs from the total force yielded by the exterior Maxwell (or Minkowski)  ST (cf. 
Fig. 4s), since then the bound force Fb [2] is not small [see also Eqs.(11a) and (13) in supplement S1(c)]. 
Although the interaction of photons and carriers (i.e. electrons) conveys a Minkowski momentum density, 
the host with any permeability value other than one, significantly contributes to the total force, even when 
 the abosrption of the object is very high such as shown in Fig.4s.  On the other hand, neither the EL nor 
Chu's ST (both supporting the Abrham momentum density) yield the total internal force of such a highly 
absorbing object (i.e. approximately with ( / ) 10I bε ε > ) embedded in air. In this connectiion notice that in 
the Einstein-Balazs thought experiment [15], the box is considered reflectionless or transparent [15,22]; 
according to our analysis a scatterer even if it produces loss (and a moderate reflection) can be safely 
modelled as a transparent Einstein-Balazs box up to moderate absorption (i.e. with ( / ) 10I bε ε ≤ for 
several examples in our work) supporting the internal photon momentum as Abr (in)p . 
      One of the main conclusions in this work is:  the internal non-mechanical momentum density, internal 
ST and force are indeed functions of our defined effective polarization and magnetization of the object, 
which widely vary for different systems. However, based on the appropriate effective polarization and 
magnetization, it is possible to determine the correct internal force on a generic scatterer with the GEL 
formulations inside a generic object for most of the situations excluding hidden momenta. Still the 
importance of the Chu type force density equation in [2, 7, 25] cannot be ignored because there may arise 
some unusual situations [25-28] in which the total volume force cannot be calculated solely from the 
interior fields excluding hidden quantities. Hence, once again we stress that: ‘the dilemma should not be: 
which force law along with its stress tensor is correct and which one is incorrect?. Rather it should be: in 
a specific measurement, which force law along with its ST should be effective and which should not?’. 
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